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Abstract 



In this article we study the mathematical obiects ( n ) = — ^ — '„ , 3( ", J 1 , ' — ; — ° ( ", p+ , 1) — ' — , 

where s G N and F sn (x, y) is the bivariate s-Fibonacci polynomial sequence. We call these objects 
"bivariate s-Fibopolynomials". It turns out that they are in fact polynomials, and when x = y = 1 they 
become the known s-Fibonomials, studied in a previous work. We obtain the Z transform of sequences of 
the form Yli = i F s £. n+m . (x, y), and from this result we obtain the Z transform of the sequence of bivariate 
rS—t , s-Fibopolynomials. Then we establish connections between these two kind of sequences. We also obtain 

expressions for the partial derivatives of (") 



1 Introduction 

£> . We use N for the natural numbers and N' for NU {0}. Throughout the work s will denote a given natural 

lO ' number. 

We use the standard notation F n (x, y) and L n (x, y) for the sequences of bivariate Fibonacci polyno- 
mials and bivariate Lucas polynomials, defined by the recurrences F n+ 2 (x,y) — xF n _i (x,y) + yF n (x,y), 
F (x, y) = 0, Fi (x, y) = 1, and L n+2 (x, y) = xL n ^\ (x, y) + yL n (x, y), L (x, y) = 2, L\ (x, y) = x, respec- 
tively, and extended to negative integers as F- n (x, y) = — (—J/) F„ (x, y) and L- n (x, y) = (— y) L n (x, y), 

fvj . n G N. Clearly F n (x, y) and L n (x, y) are monic polynomials. The degree of F n (x, y) is n — 1 in x and Y^- J 

in y, and the degree of L n (x, y) is n in x and [§J in V- Observe that (for n G N), F_ n (a>, y) and L_„ (x, y) 
are polynomials in x with negative powers of y (times some constants) as coefficients. It is clear that the case 
y = 1 corresponds to the Fibonacci and Lucas polynomials F n (x) and L n (x) (see A011973 and A034807 of 
Sloane's Encyclopedia) , and the case x = y = 1 corresponds to the Fibonacci and Lucas number sequences F n 
and L n (A000045 and A000032 of Sloane's Encyclopedia, respectively). Some positive indexed bivariate Fi- 
bonacci polynomials are F^ (x,y) — x, F3 (x,y) = x 2 +y, Fi{x,y) — x 3 + 2xy, F5 (x,y) = x 4 + 3x 2 y + y 2 , and 
so on, and some positive indexed bivariate Lucas polynomials are L2 (x, y) = x 2 + 2y, L3 (x, y) = x 3 + 3xy, 
L4 (x,y) — x A + Ax 2 y + 2y 2 , L$ (x,y) = x 5 + 5x 3 y + 5xy 2 , and so on. Some negative indexed bivari- 
ate Fibonacci and Lucas polynomials are F_i(x,y) = y^ 1 , L_i(x,y) = —xy^ 1 , F—2(x,y) = ~xy~ 2 , 
L_ 2 (x, y) = (x 2 + 2y) y' 2 , F_ 3 (x, y) = (x 2 + y) y- 3 , L_ 4 (x, y) = (x 4 + Ax 2 y + 2y 2 ) y~ 4 , and so on. A 
bivariate generalized Fibonacci polynomial (or bivariate Gibonacci polynomial), denoted by G n (x,y), is de- 
fined by the recurrence G n (x,y) = xG n -\ (x,y) + yG n -2 (x,y), n > 2, where Go (x,y) and G\ (x,y) arc 
given (arbitrary) initial conditions. It is easy to see that 

Gn (x, y) = yG Q (x, y) F n _i (x, y) + G x (x, y) F n (x, y) . (1) 

We will be using extensively Binet's formulas (without further comments): 

F n (x,y) = -=^=(a n (x,y)-!3 n (x,y)) and L n (x, y) = a n (x, y) + p n (x, y) , (2) 

Vx 2 +4 



where 

a (x, y) = 2 \ x + Vx 2 + 4j/J and /3 («, y) = - (x - V^ 2 + 4 yJ , (3) 

We will use also some relations involving a(x, y) and /3(x, t/), as a(x, t/) +/3(x, y) — x and a(x, t/) /3(x, y) = 
—y, with no additional comments. The basics of the Fibonacci world is contained in the famous references 
[8] and [17]. What we will use about bivariate Fibonacci and Lucas polynomials is contained in [2], [16] and 

There are certainly lots of identities involving Fibonacci and Lucas numbers, and the list continues 
increasing trough the years. But the list is not so large when bivariate Fibonacci and Lucas polynomials 
are involved. We will need some of these identities, to be used in the proofs of the results presented in this 
work, and in some of the given examples as well. We give now a short list. 

For pgNwe have 

F(2 P -i)s(x,y) s-^ , . S k r , s , s«(p-i) fA \ 

— F 7Z ,a = 2^ (~y) L 2( P -fc-i) s {x, y) - {-y) . (4) 

t '^V) fc=0 

"'"' "' ■~'Y^{-y) sk L(2 P -2k-i)s{x,y). (5) 



F s {x,y) 
asy exe 

F P s (x, y) 

F s (x,y) 



fc=0 

(The proofs of (|4]) and ([5]) are easy exercises by using Binet's formulas.) Moreover, we have also that 

F p (L s (x,y),-(-yf). (6) 



(See [2].) We comment in passing that formulas Q and ([5]) (or ([6])) shows the well-known fact that 
F ps (x,y) is divisible F s (x,y) (see [5], Theorem 6). Some examples are the following 

F 3 (x,y) - L 'l">V>- 
F 3s (x, y) 



F s (x,y) 
Fas (x, y) 



L 2s (x,y) + (-y) = L s (x,y)-(-y) 



F s (x,y) 



L 3s (x, y) + (~y) s L s (x, y) = L s (x, y) (L 2 S (x, y)-2 (-y) s ) 



F p^y) = u * (*> v) + (-^) S L ^ (*> y) + y 2s = L " fo v) 3 ^ s L " (*> v) + y 2s - 

We have also the identities 

F s ( n +i) (x, y) - (-yf F s ( n _ X ) (x, y) = F„ (x, y) L sn (x, y) . (7) 

F s ( n +i) (x, y) + {-yf ^(n-i) (x, y) = L s (x, y) F sn (x, y) . (8) 

(The version x = y = s = 1 of ([7]), that is F n+ \ + F n —\ = L n , is a famous identity. The same version for 

gives us simply the Fibonacci recurrence.) 

For a,b,c,d,r € Z such that a + b = c + d, we have the so-called "index-reduction formulas" : 

F a (x, y) F b (x, y) - F c (x, y) F d (x, y) = {-yf (F a _ r (x, y) F b ^ r (x, y) - F c __ r (x, y) F d _ r (x, y)) . (9) 

L a (x, y) F b (x, y) - L c (x, y) F d (x, y) = (-yf (L a _ r (x, y) F b _ r (x, y) - L c _ r (x, y) F d _ r (x, y)) . (10) 



(See [7], where the case x = y = 1 is discussed.) Two versions of © and (ITU|) . which will be used several 
times in this work, are obtained by setting a — M, b = N, c = M + K, d = r = N — K, with M, N, K £ Z. 
What we get is 

F M {x,y)F N (x,y) - F m +k (x,y) F N _ K (x,y) = (-y) ~ F M+K _ N (x, y) F K (x, y) , (11) 

and 

L M {x,y)F N (x,y)-L M+K (x,y)F N _ K (x,y) = (-y) ~ L M+K _ N (x, y) F K [x, y) , (12) 

respectively. (We give below a proof of these identities. See (1551) and ([55]) .) In fact, what we will be using 
are identities which in turn are versions of (jTTJ) and (fl"2")) , obtained from them with some identification of the 
indices M, N, K with other indices. 

For a given bivariate Gibonacci polynomial sequence G n (x,y) = (Gq (x,y) ,C?i (x, y) , G% (x,y) , . . .), 
the bivariate s-Gibonacci polynomial sequence G sn (x, y) is G sn (x, y) = (Go (x, y) , G s (x, y) , (?2s (x, y) , . . .), 
and the bivariate s-Gibonacci polynomial factorial of G sn (x,y), denoted by (G„ (x,y)\) s , is (G n (x,y)\) s = 
G sn (x, y) G s („_i) (x, y) ■ ■ ■ G s (x, y). Given n GN' and fee {0, 1, ... , n}, the bivariate s- Gibopolynomial (or 
bivariate s-Gibopolynomial coefficient), denoted by (^) „ . ., is defined by (™) . . = H. . . = 1, and 

k) Gs(x<v) -(G k (x,y)\) s (G n - k (x,y)\) a > *- 1 ' 2 —» n L ^ 

That is, for k £ {1, 2, . . . , n — 1} we have that 

'rA _ G s „ (x, y) G s( „_i) (x, y) ■ ■ ■ G s(n _ fc+ i) (a;, y) 

y k J G s (x, y ) G s (x,y)G 23 (x,y)---G ks (x,y) 

Plainly we have symmetry for bivariate s-Gibopolynomials 

n\ ( n 



k JG s (x,y) \ n k / G E (x,y) 

In the case of bivariate s-Fibopolynomials, we can use the identity 

F s ( n -k)+i (x, y) F sk (x, y) + yF sk -i (x, y) F s{n _ k) (x, y) = F sn (x, y) , 
(which comes from (TTT|) with M = sn, N — 1 and K = —sk + 1), to conclude that 

(,) = F s{n ^ k)+l {x,y)[ I +yF sfe _i (x,y) ( ) . (15) 

\ K / F s (x,y) \ K l J F s (x,y) \ K J F s (x,y) 

Formula (I15[) shows (with a simple induction argument) that bivariate s-Fibopolynomials are in fact 
polynomials in x and y. Moreover, (T) p( ■. is a polynomial of degree sk(n — k) in x, and of degree 

[ - '2" J in y- The case s = x = y = 1 corresponds to Fibonomial coefficients (^ l ) _, introduced by V. E. 
Hoggatt, Jr. g] in 1967, and the case x = y = 1 corresponds to s-Fibonomials (^) F (1 1) , first mentioned 
also in [3], and studied recently in jTTJ. (For s = 1,2,3, the s-Fibonomial sequences are A010048, A034801 
and A034802 of Sloane's Encyclopedia, respectively.) However, bivariate s-Gibopolynomials are in general 
rational functions in x and y. For example, the bivariate 2-Lucapolynomial ( 2 ) r , . is 

4\ L 8 (x,y)L 6 (x,y) 

V L 2 (x, y ) L 2 (x,y)Li(x,y) 

(x 4 + Ax 2 y + y 2 ) (x s + 8x e y + 20x A y 2 + 16x 2 y 3 + 2y 4 ) 
x 4 + Ax 2 y + 2y 2 



Observe that identities (|1]), © and © refer to bivariate s-Fibopolynomials (™)w v w * tn ft = 2p + 1, 
n = 2p and n — p, respectively. We present now some examples of bivariate s-Fibopolynomals (?) F , ,, as 
triangular arrays, where n stands for lines and k = 0, 1, . . . , n stands for columns. 

For s = 1 we have 



x +y x +y 

x 3 +2xy x 4 +3x 2 y+2y 2 x 3 +2xy 





x 4 +3x 2 y+2y 2 




x 6 +5x 4 y 

7x 2 y 2 +2y 3 




6 ,r 4 

x +ox y 
+7x 2 y 2 +2y 3 



x 4 +3x 2 y+y 2 +7:rV+2v 3 +7zV+2v 3 x 4 +3x 2 y+y 



For s = 2 we have 



x 2 +2y 



x 4 +Ax 2 y x 4 +4x 2 y 

1 +3a 2 +3y 2 

x 6 +Gx 4 y x a +Sx 6 y x 6 +Gx 4 y 

+ 10x 2 y 2 +21x 4 y 2 +10x 2 y 2 

+4y 3 +20x 2 y 3 +4y 3 

+6y i 

x 8 +8x e y x 12 + 12x 10 y x 12 + 12x 10 y x s +8x 6 y 

+21x 4 y 2 +55x 8 y 2 + 120x 6 y 3 +55x s y 2 + 120x 6 y 3 +2\x 4 - 2 

+20x 2 y 3 + 127x 4 y 4 +60x 2 y 5 + 127x 4 y 4 +60x 2 y 5 +2Qx 

+5y 4 +Wy 6 +10y 6 +5y' 






In this article we work with the Z transform of complex sequences a n . Some definitions and basic facts 
about this tool, and some preliminary results as well, are presented in section 2. Naively we can think of 
the Z transform of a sequence a n — (ao,ai, . . .) as if this were the complex function F (z) which comes 
from the generating function G (x) of a n , with x replaced by z _1 . For example, it is well-known that the 
generating function of the Fibonacci sequence F n is given by G (x) = x (l — x — x 2 ) .It turns out that the 

Z transform of F n (as we will see in section[5]) is the complex function F (z) — z (z 2 — z — l) = G (z^ 1 )- 
The problem of finding the generating function of the /c-th power of a 'Fibonacci-type' sequence, was 
first considered by Riordan |13j . Carlitz pQ, and Horadam 6 . However, in their works there are no explicit 
reference to the standard Fibonacci sequence F n case. Later, Shannon |14) obtains an explicit generating 
function for F^. Now we know that the corresponding Z transform of the sequence F% is given by 
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(16) 



± n+mi ! 



(17) 



From (fTTj) we obtained as corollary that the Z transform of the Fibonomial sequence (™) is as follows 

. (18) 



pJfJ rp+i f _ u mp. fP + i, vP+1 _ i 



ES(-i)' 



(This result was demonstrated earlier by I. Strazdins [15], working with a different approach.) With (fl"7]) 
and (|18|l . was a natural task to establish connections between products of powers of Fibonacci sequences 
F^+mx ' ' ' Fn+mi an d Fibonomial sequences (™) . For example, it is possible to see (from (|T7|) and (O) that 
the sequence F% = (0, 1, 1, 16, 81, 625, . . .) can be written as a linear combination of the Fibonomial sequence 
Q 1 ) f= (0, 0, 0, 0, 1, 5, 40, 260, . . .) and its shifted sequences ( n J%, i = 1,2, 3, as 



F, 4 



n + 3 



-4 



n + 2 



-4 



4/ V 4 / V 4 / V 4 , 

1 F \ * / F \ * / F W F 



ri + 1 



(This particular identity is known since 1970. See [9].) 

In [11] we showed that (JTHJ) is in fact a particular case of the following result 



( p fc i ... p k ' \ 

\ tisn+mi tisn+mi J 



kltl+ +kltl i ( 3J+ 2( S +i))( J+ i) fkiti + ■■■ + hti + i\ pk 



i=Q j=0 



J 



. . .J? k > 
i+t 1 s(i-j) mi+tis(i—j) 



(19) 



(20) 



kit±-\ \-k[ti—i 



fafa+.gfc.t.+i ( _ i) ( . i+2( . +al))(i+1) / Ml + . . . + ktl + a zfeifi+ ... +fci4;+1 _ 4 

i=0 V * /F s 

Now we have new parameters s£M and t%, £2, • • • ,ti € N', and (TT7T) becomes the case s = ti = • • • = 1 1 = 1 
of (|2"0|) . Observe that in ([2"0"]) are now involved s-Fibonomials (™) (in this context the 1-Fibonomials are 

just the Fibonomials). Then we could see that ([T9"]) is simply the case s = 1 of the following identity (formula 
(58) of [II]) 



*-*(":*),<,. 



3(-l) s F 3s 



n + 2\ /n + 1 



(21) 



i? \ / F B J / 

In this article we will show that ([20]) is in fact the particular case x = y = 1 of (formula ([64]) of section [3]) 



klti + ^ + htti (, 3 +2(.+l))(j + l) /fc 1 ^ 1 _| |_fc ; £ ; + i 

i=o j=o V J 



FJix,y) 



xF 



fcitiH hkiti—i 






feltl+ -g Ml+1 (_ 1) ( " +2( ^ 1))( - +1) ^1*1 + • • • + k ^ + A y ^n zkltl+ ... +klfl+1 ^ 

8=0 V * / F s (:r,y) 

This formula involve now bivariate s-Fibopolynomials (™) , which are the main mathematical objects 

studied in this work. Now it is possible to see that (|2"TT) is in fact the particular case x = y = 1 of the following 
identity between two bivariate polynomials 

\ 



/ 



F* n (x,y) = F?(x,y) 



n + 3 



y 



, ( H-v)"F3s(x,y) , 9 2s 



n(»,v) 

n + 2 



F.(x,y) 



,,2s 



F s (s,!/) 



n + 1 



(22) 



b(x,v)J J 



(See dZOD and examples ([75]) to (J82) in section H) 

In a previous article [J3] we considered the one variable s-Fibopolynomials (™) (also commented 

in [3]), since they appear naturally as parts of the closed formulas of sums of products of s-Fibonacci 
polynomial sequences F sn (x) presented there. However we did not study them as we do here with bivariate 
s-Fibopolynomials (™) . In the same manner as the results of [TT] generalized those of [10] , now this 

article presents results that generalize those of [TT]. We follow the same structure and the same kind of 
arguments of the proofs presented in |11] , in order to prove the "bivariate polynomial generalizations of the 
results in [TT]". This happens mainly in sections [2] [3] and [4] However, two results of [TT] are improved here: 

(1) Proposition [5] (corresponding to propositions 6 and 7 of |llj). is now demonstrated with an easier 
induction argument. 

(2) Corollary [T7J (corresponding to corollary (18) of [TT]) is now improved in the clarity of its statement 
and in the clarity of its proof as well. 

After we recall the basics of Z transform and establish some preliminary results in section [2] we prove our 
main results in section[3] In section|4]we establish some corollaries of the results proved in section[3] Finally, 
in section [5] we obtain expressions for the partial derivatives of the bivariate s-Fibopolynomials (™) 

2 Preliminaries 

We begin this section recalling some basic facts of the main tool used in this article, namely the Z transform. 
(For more details see [3] and [18].) The Z transform maps complex sequences a n into complex (holomorphic) 
functions A : U C C — > C given by the Laurent series A (z) — X^^Lo a « 2 ~™ (also denoted as Z (a n ); defined 
outside the closure D of the disk D of convergence of the Taylor series X^^Lo a «- z ™)- If -^ i z ) — % (a n ), we 
also write a n = Z^ 1 (A(z)), and we say that the sequence a n is the inverse Z transform of A{z). Some 
properties of the Z transform which we will be using throughout this work are the following: (avoiding the 
details of regions of convergence) 

(a) Z is linear and injective. (Same for Z~ .) 

(b) Advance-shifting property. For k £ N we have 

Z (a n+k ) = z k (z (a„) - ao - y ^) . (23) 

Here a n+k is the sequence a n+k = (a k ,a k+1 , . . .). 

(c) Multiplication by the sequence A". If Z (a n ) = A(z), then 

2 (A n a„) = A (£) . (24) 

(d) Multiplication by the sequence n. If Z (a n ) = A(z), then 

Z{na n ) = -z— A{z). (25) 

dz 

(e) Convolution theorem. If a n and b n are two given sequences, then 

Z(a n *b n ) = Z{a n )Z(b n ), (26) 

where a n * b n — Y) t —n <hb n —t is the convolution of the sequences a n and b n . 
Observe that according to (|2"4"|) . if Z (a n ) = A (z) then 

Z((-l) n a n ) = A(-z), (27) 

and 



5 (/.,„.,„ (,-.</)«„) =a m {x,y)A[- F j— - j + /3 m (x,y) A i^j— -). (2,S) 



For given A e C, A ^ 0, the Z transform of the sequence A™ is plainly 

Z ( A ") = E^T = ^T' ( 29 ) 

^-^ z n z — A 

n— 

(defined for \z\ > |A|). In particular we have that the Z transform of the constant sequence 1 is 



Z (!) = -!_ (30) 



For m € Z given, the Z transforms of the sequences F sn+m (x, y) and L sn+m (x, y) are 

& \F sn+m [X, y)) — a , 

z z - L s (x,y)z + (-y) 



(31) 



and 

~, T i ss z ( L m {x, y)z- {~y) m L s ^ m (x, y)) 

z [L sn+m (x,y)) = g — n — ^ — n — v 5 • ( 32 ) 

z l - L s (x,y)z+ {-y) 
In fact, by using Binet's formulas and (j!?5)) . we have that: 

Z(F sn+m (x,y)) 

= ,} Z (a m (x, y) (a s (as, y)) n - {T (as, y) (/3 s (x, y)f) 
\J x + 4y 

= , = = (a m (x,y) z -— ^( X , y ) ^-—) 

y / x 2 +Ay\ z~a"{x,y) z - fi {x,y)J 

( {a m (x, y) - P m (x, y)) z + a m (a, y) p m (a, y) (-/3 s ~ m (a, y) + a"— (x, y)) \ 
yjx 2 +4y \ z 2 - L s (x,y)z + (-y) s J 

z (F m (x, y)z + (-y) m F s _ m (x, y)) 
z 2 - L s (x,y)z+ (-y) s 

which shows (|30p . Similarly 

-2 (F sn+m (x, y)) 
= Z (a m (x, y) (a s (x, y)) n + f} m (x, y) (/3 s (x, y)) n ) 

= a m (x,y) Z - -+r{x,y) 



z-a s (x,y) z-f3 s (x,y) 

_ ( (a m (a, y) + /3 m (a, y)) z - a m (x, y) /3 m (x, y) (p s ~ m (x, y) + a°- m (a, y)) ' 
y z 2 - L s (x,y)z + (-y) s 

z (L m (x, y)z- {-y) m L s _ m (x, y)) 



z 2 - L s (x,y)z+ (-y) s 
which shows ()31|) . In particular we have 



2 (Fsn (x, y)) = 2 T Z f s{X ; V \ ( ,s , (33) 

z z - L s (x,y)z + (-y) 

and 

■jit I w z(2z- L s (x,y)) 

Z{L sn (x,y)) = — — r — rjf. (34) 

z A - L s (x,y)z + (-y) 



If we write Z {F sn+m (x, y)) as 

Z (F m (x v)) = Fm ( x > y "> z 2 F s {x,y) + {-y) m F s „ m (x, y) zF s (x,y) 

F s (x,y) z 2 - L s (x,y)z+ (-y) s F s (x,y) z 2 - L s (x,y) z + (-y) s ' 

we see at once that 

F s (x, y) F sn+m (x, y) - F m (x, y) F s{n+1) (x, y) = {-y) m F 8 - m (x, y) F sn (x, y) , 

which is essentially (jllj) . Similarly, if we write Z (L sn+m (x, y)) as 

9(r , ,, _ L m (x,y) z 2 F s (x,y) (-y) m L s _ m (x,y) zF s (x,y) 

A^ sn+m[ X,y))- Fs{xy) z2 _ Ls{Xiy)z + { _ y y Fs{Xiy) z 2 -L s (x iy )z+(-yy> W 

we obtain that 

L sn+m (x, y) F s (x, y) - L m (x, y) F s( „ +1) (x, y) = - {-y) m I s _ m (», y) F sn (x, y) , 

which is essentially (fT2|) . 

Let us use the Z transform to prove that 

nL n (x, y) - xF„ (x, y) = (x 2 + Ay) F„ (x, y) * F„ (x, y) . (37) 

We will use (|3"3")l and (|3~i)) with s — 1. First note the according to (|25l) we have that 

_, , , „ d z(2z-x) xz 2 + 4yz~xy 
Z [nL n {x, y)) = -z- — — -j = z— - T . 

dzz 2 -xz+(-y) (z 2 -xz-y) 

Thus we have 

*(„!.<..»)) -*(««. (,,,„ . <; + % ^7 -^^- - , { f + iV)Z * (38) 

(z z — xz — y) z — xz — y (z z — xz — y) 



Then, (|37|) follows from (|38j) and convolution theorem (|26p . 

Now we begin with a list of preliminary results that will be used in sections [3] and |4] 

Proposition 1 Let k £ N' be given. We have 

(-D s+1 ft {* - °"" (', v) F™ (*, v)) = E (-D " +2( " 1))( ' +1) ( k+ A y^z^. (39) 

j=0 i=0 V Z / F s (x,y) 

Proof. We proceed by induction on k. For k — the result is clearly true (both sides are equal to 
( — l) s (z — 1)). Let us suppose the formula is true for a given k £ N. Then we have 
fe+i 
(-l) s+1 ft (z - a" (x, y) ps(*+^ (x, y)) 
j=o 

= (-l) s+1 (z « s(fc+1) {x, y)) P s{k+1) (x, y) n {yV7) " ^ (X ' V) pS[k ' 3) ^ V) ) ' 
The induction hypothesis allows us to write 

(-l) s+1 J] (z - of* (x, y) P< k+1 ~» (x, y)) 

fc+l ,_,,..,..,,«„,„ //. , ,\ / _ \ k+l-i 



i— n V / F.Cx.'ul 



l= \ ' / F 3 {x,y) 



Some further simplifications give us 

(-l) s+1 f[ (z-a» {x,y)^ k+l -» (x,y) 

3=0 

= 2^(-i) I ■ ) P ( x >y)v 2 z 

fe+2 /, „\ 

S ffc+11 / \V^/ («(i-l)+2(»+l))i /fe + A oS fi-l) / s ^•-D(--2) fc+2 _,- 

-a^ k+1 > (x,y)2^(-l) 2 • J C J (s,tf)l/ 2 * + 

Sj V * /F«(B,v)- F «(*+a)(a:,») 

/3 sl («, y) F s{k+2 _ t) (x, y) \ Hfcll fe+2 - 4 

+? ( S i+2( 3+ i))(i+i) /fc + 2\ 3i(i-D fc , 2 _. 

= E(-!) 2 ( , ) y 2 z 

as wanted. Here we used that 
P 8i (x, y) F s{k+2 _ t) (x, y) + (-f)-^ +1 > a^ +1 ) (x, y) ^~ l) (x, y) y s ^ F sl (x, y) = F s{k+2) (x, y) , 

which can be proved easily by using Binet's formulas. ■ 

We will denote the (fc+l)-th degree z-polynomial of the right-hand side (or left-hand side) of (|5^|) as 
F>sM+i(x,y;z). 

We claim that if k is even, k = 2p say, then 



p-i 

D, ' 

In fact, we have 



!i2p+1 (x, y- z) = (-l) s+1 (z - (-y) sp ) JJ (z 2 - (-y) sj L 2s{p _ 3) (x, y) z + y 2ps ) 



D s , 2p +i (x,y;z) 

2p 

(-l) s+l l[(z-a sj (x,y)0 s V p - j) (x,y) 

3=0 

(-l) s+1 (z-a s P(x,y)p sp (x,y)) 

(p-l \ / 2p 

H[z-a^(x,y)^ 2p -^(x,y))\i J] (^^'(^y)^'^^) 
3=0 / \i=p+l 

p-l 

(-l) s+1 (2 - (-y) sp ) U(z- ^ (x, y) P< 2 ^ (*, y)) (z - a< 2 ^ {x, y) ^ (x, y)) 

3=0 

(-1) S+1 (z (-y) sp ) II [z 2 (-yf L Mp _ j} (x, y) z + y 2ps ) , 



3=0 

as claimed. On the other hand, if k is odd, k = 2p — 1 say, then 

F>s,2 P (x, y; z) = (-l) s+1 JJ [z 2 - {-yf } L s ( 2p -i-2j) (x, y) z + (-y) 

3=0 
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(2p-l)s 



In fact, we have 

2p-l 

D s>2p (x,y;z) = (-l) s+1 JJ (z - a» (x^y)^' 1 ^ (x,y)) 

3=0 

p-l 2p-l 

= (-i) s+1 n { z - aSJ (*> y) /? s(2p " 1 " J) (*, y)) n ( z - « SJ fo y) z^ 8 ^- 1 ^ (*, »)) 

3=0 j=P 

p-l 
= (-l) s+1 II ( z - «"' (*> ^ ^ s(2p - 1_i) (x, y)) (z - a* 3 *- 1 -*) (x, y) ^ (x, y) 

3=0 

= (-l) s+1 5 if - W L s(2 P -i-2 3) (x, y) z + (-yf p - 1)s 

3=0 

as claimed. 

Summarizing, we have that 

= (-l) s+1 (z (-y) sp ) J] (^ - i-y) SJ L Mp - 3) (x, y) z + y 2 ^ 

3=0 

and 

2p+l 



D s , 2p+l{ x,y;z) = E( _ 1) ^^^^ + A y ^l ^ ^ 

(-l) s+1 (z (-y) s *) J] (f {-vt L Mp -j) (x, y) z + y^) . 



3=0 

We can obtain some additional facts by setting z — y sp in (|40p . We have 
• If s or p is even, we see at once that 

( a i + 2(»+l))(i + l) /2p + 1\ si(i-l 



j=0 V * S Fs(x,y) 



£ ( _ 1} ^±™ /p+i y ^-^ = . 



• If s and p are odd, then 

2p+l 



»=o ^ * '^.fojO 

(-l) s+1 (^ - (-„)*) J] (22/ 2sp - (-1) SP (-J/)^" L Mp _ 5) (x, y)) 

3=0 

(-l) s+1 2y^Y[(- y y^ (2(-yf^+L 2s(p ^ (x,yj) 



= 2y^l[(-yf^Ll (p _ j) ( X ,y). 

3=0 
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That is, if s and p are odd we have that 

9<n^1 n— 1 

( 3 i+2(s+i))(»+i) /2p -f 1\ S j(i-r 



e (-i)—^™ * r m P ^^*-« = 2 n (- y y^ li {p _ 3) (x, y) 



z=0 V * / F s (x,y) j— 



Proposition 2 Let t,k £ N', m £ Z be given. Then 
(a) 



a (x,y) 



\ l J F„(x,y) 



P sk (x,y) 



,,1 (si + 2(s + l))(i + l) /(-LU ««K-11 

El=o(-i) 5 ^(x.i/Jv-^^ 1 - 

V l J F s (x,y) 



L sk (x,y)z- (-y) s L s{ t_ k+1) {x,y) 
^ s (ai+2( a +i))(i+i) ft _|_ 2 



ES(-i) 3 ir*"* 



w 



* 7 F s (a:,H) 



^m+sfc (^ y ) 



(„i + 2(. + l))(i + l) /t+A .i(i-l) 

E*=o( _1 ) ■ u 8l {x,y)y 2 z *+i 

V J / F^.y) 



/3 m+SK (^,J/) 



(. <+a( .+i»(«+i) /t+l\ .i(i-i) 

V * / F s (x,y) 

^x 2 + Ay {F s k+ m {x, y)z + {~y) sk+m F s(t _ fc+ i)_ m (x, y)J 

E^oM) ■ v 2 2 



\ ' / F„(x,y) 

Proof, (a) We begin by writing the left-hand side of (|42|) (we write LHSbrjl) as 

a sk (x, y) 



LH 



V l / F s (x,y) 

(3 sk (x,y) 

V « / F a (x,2/) 7 
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(42) 



(43) 



or, by using (J3TH) 

LH<J42] 

(-l) s+1 a° k (x,y) 



t 
o-(*+i) (x, y) J] (^^j - a» (x, y) p s ^ (x, y) 

3=0 

, (~l) s+1 p sk (x,y) 

~ t ~ t 

/3 s(t+i) («, y) n (rfey - « sj (*. y) / 3s(t_j) (*> »)) 

3=0 

(-l) s+l a° k (x,y) , (-ir +1 /3 sfc (^y) 



JJ ( z _ aS (i+i) ( X; y ) £•(*-*) (^ y) ) fj ( z _ aSJ ( x , y) ^ t+1 ^ (x, y)) 
(-l)* +1 a'*(a:,y) , (-l) s+1 {3 sk (x,y) 



t+i t 

H (z - a>* (x, y) ^ t+1 ^ (x, y)) JJ (z - a" (*, 2/) 0'C t+1 -'> (x, y) 

3 = 1 3=0 

Some further algebraic manipulation gives us 

LHSgg] 

(-1) S+1 ( a sk {x,y) P sk (x,y) 



* / ,,,, ., x U-a a (* +1 )(a;,j/) z - p s{t+1) {x,y) 

H[z-a»(x,y)^ t+1 -^(x,y)) V V '"' 

3=1 



a sk 



(x, y) (z - /3 fl (' +1 > (x, y)) + p sk (x, y) (z - o^ 1 ) (x, y)) 

t+i 
(-l) s+1 l[(z- Ci (x, y) P s(t+1 - j) (x, y) 



3=0 

L s k (x, y)z- (-y) sk L s(t _ k+1) (x, y) 

it+2 / - . ("+ 2 ( S + 1 )H«+ 1 ) ft + 2 



ES(-i) 2 iT*** 



' 7 F s (a;,j/) 



as wanted. 

(b) We write the left-hand side of (03]) (LHSgg]) as 



LHQ a m+sk (x,y) 



\ ' y F 3 (x,y) ' 

n'm+sk i \ 

P (x,y) 



\ ' / K.fiC.t/1 



12 



and use (|39j) to write 
LHSgg 



a m+sk fo y ) 



/3 m+sfc (^,y) 

t 
/^ t+1 > (x, y) {-l) s+1 J] (jpfa - a* (x, y) (3 S ^ (x, y)) 

3=0 

a m+sk (x,y) f3 m+sk (x,y) 



(-l) s+1 Y[(z- a^ 1 ) (x, y) £•<*-'> (x, y)) (-l) s+1 JJ (z - a*i (x, y) (i^ 1 ^ (x, y) 

3=0 ' 3=0 

Some further simplifications give us 
LHS^ 

1 ( a m + sk { Xl y) fi m+sk {x,y) \ 



' / s \ Z - Qf' s '(*+ 1 ) (x v) 7 — fl s (*+ 1 ) (r „\ 

(-iy +1 I[(z-a°Hx,y)^-»(x,y)) y ^ {,V) ' 

3 = 1 
a m +sk {Xj y) ^ _ ps(t+l) (;C) y) j _ r+ sk (X] y) ( z _ aS(t+ l) (X] y) ) 

i+1 

(-l) s+1 [] (» - « SJ (*, 2/) P s{t+l ~ 3) (x, y) 
3=0 

^T^F sk+rn {x, y) z + p m+sk (x, y) a m+sk (x, y) ( Q s (*-*+D-™ ^ y) _ ^(t-k+D-m ^ ^ 

E*= M) „■ ) y 2 z 

V-^ 2 + A V [Fsk+m (x, y)z + (-y) sk+m F s(t _ k+1) _ m (x, y)j 

V * / P 8 (x,a) 

as wanted. ■ 

Lemma 3 Lei i,ieM' 6e given. The following identity holds 

F s ( t +2) (x, y) F s{t+1} (x, y) = {-y) sl F s ( t+2 -j) (a:, y) F,( t+ i_i) (a, y) (44) 

+L s ( t +i) (x, y) F s(t+2 _j) (x, y) F sl (x, y) 
+ (-y) s(t -* +2) F s ,(a^y)F s(i _ 1) (s,y). 
Proof. Use Binet's formulas to prove that 

(~y) m F B (t+i-i) (x, y) + L s{t+1) (x, y) F si (x, y) = F s(t+1+l) (x, y) , 
then write the right-hand side of (l4"4")l as 

F s (t+2-i) {x, y) F s (t+i+i) (x, y) + (-y) s( * +2_l) F sl (x, y) F a(i _i) (ar, y) . 
Now use (1.11) to obtain ||I3]). ■ 
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Proposition 4 Let t E N' be given. Then 

1 + 2 



( a i + 2(s + l))(i+l) ft + 2\ si(i-l) 

J2(-l) 2 . y 2 z t+2 l (45) 

= U-L s(t+M x,y) Z+{ - y) ^)±(-i)^^ (*) ( -ir^,-. 

Proof. We have 

(** - L s(t+l) {X , y) Z + H,)'^)) £ (-1)^^™ /A ( _ 1} , ^ 2 M 

V y ,--n Ww«) 



-L s{t+1) ( X ,y) t f(-l) i ^ mi (. * ,) (-if^y^z^- 



t+2 



l= 2 V A J F s (x,y) 

= y ( _ 1) c+'c+ 1 »"+ 1 ) p+2\ 1 

^ V * /F s ( K , a ) i ^(*+2)( a; I 2/) i ^(t+i)(a ; >y) 

/ (-3/)*' -F 8 (t+2-i) (*, 3/) i^ct+i-i) (x,y) \ s . ( ._ i) 
x + i »(t+i) fo y) -F s (t+2-i) (», y) F si (x, y) y^— z t+2 - 1 . 
\ +(-y) 8it ~ i+2) F si (x,y)F s{i _ 1) (x,y) J 

Finally use lemma [3] to obtain (|4"5")l . ■ 

Proposition 5 Let i,tsN' and m€ Z 6e given. The following identities hold 
(a) 

E ( 3 j + 2(s + l))(j + l) A+ j\ s j(j-l) .,„. 

(-1) 2 . ^ s (W)+m(^J/)y 2 (46) 

= ( -ir ;+i+£ ^H F_ ( ,,, )y -^. 

(b) 

* ( S j + 2( S +I))( j + 1) /t + l\ !ffld) ,,_. 

2^(-l) 2 ■ L ts(l _ j)+m (x,y)y ^ (47) 

j=0 V J S F s (x,y) 

= (-i)^ +1+£ ^H l^fcv)^. 

W F s (x,y) 

Proof, (a) We proceed by induction on i. For i — both sides are equal to (— l) s F m (x,y). Let us 
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suppose the result is true for a given igN. Then 

^±i (S j +2 (s+i))(j+i) ft + ]\ 33 -(j-D 

2^( _1 ) • ^ta(i+i-i)+m(a:,y)2/ 2 

E ( 3J +2( a + l))(j + l) ft+ 1\ sjU-1) 

(-1) 2 • *t.(<-j)+m+t« (*,»)» 2 

j=0 V ■> ' F s (x,y) 

( 3 (i+l) + 2( 3 + l))(, + 2) /t + l\ ,-, , . "(< + l) 

+ (-1) 2 .,-, i J, m(s,»)V _a - 

V+Vf^) 



\V F 3 (x,y) 

+ (-1) 2 .,-, F m (x,y)y^ u 

V "+" J"/ F s (x,y) 

( _ lVt + s +2+ °<-+ 1 »'+ 2 ' / i \ ■<'+ 1 >"+ 3 > (-J/P (m) f -F m+ta - ifl (a;,y)F a(i+1) (a;,y) 

V + V fj ( IiS) F a(t _ (x, y) \ +F m {x,y)F s{t+1) {x,y) 

lVt+a+2 + 3 <-+ 1 »<'+ 2 ' / * \ „ , x .(i+i)(i+2) 

V* + V F 3 (x.,y) 

as wanted. In the last step we used (fTTT) in the form 

F m (a;, y) F s(t+1) (x, y) - F m+ts -is (», y) -F s (i+i) (a:, 2/) = (-y) s(l+1) ■Fa(t-i) (», v) F m-(i+i)s 0, y) ■ 
(b) The proof of (f47|) is similar, using (at the end of the procedure) the identity 

L m (x, y) F s{t+1) (x, y) - L m+ts -is («, y) F s(i+1) {x, y) = (-y) s(i+1) F a ( t _£) (x, y) L m _ (i+1)s (x, y) . 
which is essentially (fT2|) . We leave the details to the reader. ■ 



3 The main results 

We can write the sequence F S7 \ +mi (x, y) F s ^ +m (x, y) (where m-i, iri2 € Z and k%, k% £ N' are given) as 
( a sn+m i ( x ,y) - P m+mi (x,y)\ kl ( a sn+m * {x, y) - p sn+nl2 (x, y)\ ** 



\ yjx 1 + Ay J \ yGF+ly 

(x 2 +4y)- ! ^ J2 ( kl ) (« sn+mi (^y)Y (~r +mi (x,y)) k1 - 1 

3=0 ^ J ' 

k 1+ k 2 fe l+ fc 2 fe l , , 

(x 2 +4y) — (3 mikl+m2k2 (x,y) £ £(-*) 



fk{\ ( k 2 \ fa (x,y) 

X 



* J \J ~ V \P( x >y) 



j=0 i=0 
(mi—m 2 )i+m2J 



(a sj (x,y)P s ^ +k *-iHx,y)) 
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Then the Z transform of F^ 1+mi (x, y) F^ +m2 (x, y) is 

Z (F^ +mi (x, y) F^ +m2 (x, y)) (48) 

J — U 2 — U 





z-a^(x, 2 /)/3 s(fcl+fe2 --'' ) (x, 2 /)' 

The following theorem tells us that the right-hand side of (|48p can be written in a special form. 

Theorem 6 Let mi,m 2 G Z and fci,fc2 G N' oe given. The sequence F s ^ +mi (x,y) F s £ + (x,y) has Z 
transform given by 

Z (Fsn +mi (x, y) F^ +m2 (x, y)) (49) 

ki+k 2 i ( s j +2 (s + i))(3 + i) /£>, -L b„ -L 1 \ , , „,v,'_n 

E E (-D 5 (, ) ift^^C^^^^^^yJy^^^-*-* 

_ i=0 3=0 \ J / F 3 (x,y) ___ 

fe i+^+i ( S i+2( 3 +i))(i+i) /fci + fc 2 + r. ___ 

E (- 1 ) ■ y * z k 

i=0 \ * / F,(x,j/) 

Proof. We have to show that 

(x 2 +4 2 /) _ii ^ 2 /3 mifel+m2fc2 (x, 2 /) (50) 

ki+k 2 fei /, \ / i \ / / \\ (mi—m 2 )i+m 2 j 

^^ \i)\J-i) \P(x,v)J z-a°i(x,y)l3 s(kl+k2 - j) (x,y) 

k!+k 2 i ( S j +2 (s + i))(3 + i) /t, -I- iv, 4- 1 \ , . ,»r-(_ii 

E E (-1) " (*+*> + !) F*^ i ^{z,y)F* + 4 i _ i) {x,v)v a V 1 z*+>»-< 

_ i=0 j=0 \ J / F a (x,y) 

V l / F,(x,J/) 

We will proceed by induction on k\ and/or ki (the symmetry of (|50|) with respect to k\ and &2 allows us 
to use induction on any of these parameters) . If k\ = fe = 1 the left hand side of (|5D|) (LHSgQi) is 

LH; 



(*» + 4y )-^ /3-+- (x, y) E E Q Q (-D i+j 



,'a{x,y) 

X 



7ni2 + ?7l2i 



/3 mi+m2 (x, y) /?™ 2 (x, y) a™ 1 (x, y) /3 mi (x, y) a" 12 (x, y) a mi+ ™ 2 (or, y) 



(x* + Ay)-\(i 



z-/3 2s (x,y) z-a s {x , y) (3 s (x , y) z - a s (x, y) /3 s (x,y) z-a 2s (x,y) 
What follows is simply algebraic manipulation of the expression in parenthesis, mixed with some identities 
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from (0|, © and ©. We show some steps of this procedure. We have 



LH; 



I ( a mi+mi fa y j + pn 1+m2 fa y ^ g _ ^m 1+ m 2 fa y) a 2s fa y) ^ 



= (x 2 +4y) % 



(a; 2 +4y) 



2.- 



V 



z 2 - Lis (x, y)z + y 

a m i(x iy )p m2 (x,y) 
+a m *(x,y)r i (x,y) 

z - (-vY 

z 



J 



z* - (L 2s (x, y) + (-y) s ) z 2 + (-y) s (L 2s (x, y) + (-yf) z - (~y) 3s 
/(a mi+m2 (x, y) + f3 mi+m2 (x, y) - a mi (a;, y) f3 m2 (x, y) - a m * (x, y) f3 mi (x, y)) z 2 \ 

pmt+rm fa y ) rfsfa y j +a m 1+m2 fa y ) p2a fa y ) 

-(a mi (x,y) P m2 {x,y) +a m > (x,y) /T 1 (x,y)) (a 2s (x,y) +/3 2s (x,y)) ) z 
+ {-y) s (a m i +m *(x,y) + / 3 mi+m2 ( x ,y)) 



V 



+ {-y) s p mi+m2 (x, y) a 2 * (x, y) + (-y) s a m -+ m > (x, y) /3 2s (a;, y) 
-y 2s (a mi (x, y) /3" 12 (x, y) + a m - (x, y) /3 mi (x, y)) 
z 



[ i) z -+- { i) F ^ lV ) z y F s (x,y) z + y 

( (-l) s+1 F mi (x,y)F m2 (x,y)z 2 

+ 

(-l) s+1 [Fmi+8 (x, y) F m2+S (x, y) - F p g ^^ F mi (x, y) F m2 (x, y)j z 



s F 3s (x,y) 



(-l) s F mi+2s (x, y) F m2+2s (x, y) + (-l) s pj£^ F mi+S (x, y) F„ l2+S (x, y) 



\ 



F s (x,y) m i v-^j y) -fm 2 (x,y)y 



I 



ELSUH)™^" 



3/ FJix,y) 



F mi +s(i-j) (», y) F m 2 +s(i-j) 0, y)y B1 ^ z 



2— t 



Sil-il^^^C 



y 2 z 



3— i 



F s (x,y) 



which ends to show that ([50)) is valid with k\ = hi = 1. Suppose now that ([50]) is true for a given fei. We 
will show that it is also true for ki + 1. We have 



(x 2 + A V y hl± ^ / 9"n(*i+i)+™ a fe 

a(x,y)\ (mi ~ m2)4+m2j 



(51) 



fci+fc 2 +ifei+i 
(s,y) 53 E^ 

j=0 i=0 



/.,+.!.- /.: J ■ /fcl + l\ / fc 2 



P{x,y) 



z-a»i{x,y)P s{ - kl+1+k *- j) {x,yy 
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and we want to show that the right-hand side of (1511) is equal to 

fci + l + fc 2 i r a j+2(a+i))U+l) /hi 4 fro 4- 9\ , , ,-iti--!-) 

E E (-D f 1 + 7 + 2 ) F^ + V J) (^ y )^ +s(J _, ) (^ y ) y £2 ^^ +1+fc2 - 1 

»=0 J=0 \ J / F s {x,y) 

V * /F s (x,y) 

(52) 
Write the binomial coefficient ( ;i + ) (of the right-hand side of (jBTjl ) as ( I 1 ) 4- (_ 1 1 ), separate in two sums 
and shift the indices of the second sum, to write (f5"Tj) as 



or 



(-^sn+mi \ X iV) ^ sn+m 2 \ X iV) 



fc 1+ l+fc 2 fc l+ fe 2 fe l 

x 2 + Ay) ^~ p m ^ k ^+ 1 )+ m ' k ' ( x ,y) ^ 53 (-1) 

j=0 i=0 
/;\/i \ / I \\ {m\—m 2 )i+m 2 j 

,ki\ ( k 2 \ (a{x,yy 

X 



ij\3-ij \/3(x,y)J z - a» (x,y)/3 s(fcl+1+fe2 ~ j) (x,y) 

+ 



fc 1+ l+fc 2 fc l+ fc 2 fe l 

J=0 8=0 

h\f k 2 \ fa(x,y)\ {mi - m2){l+1)+m2U+1) 



ij\j-ij \P(x,y)J z-a s ^+ 1 ){x,y)^ kl+k2 - j) (x,y) 

-2 l^sn+mi \ x iV) ^ sn+m-2 \ x tV) 



fej+l+fc, k x +k 2 fci 

= -(.T 2 + 4y) ^/3 mi ( fcl+1 ) +m2fc2 (^2/) E ^(-l) fcl+fe2 ^ 

j=0 i=0 



i)\3-i) \H x ,v)J w^-a^(x,y)^ +k2 - J Hx,y) 



P s (x,v) 



k +l + fc / ( \\ rni kl+fo fel 

(x 2 +4yy^^^ ri (k 1+ l) +m2 k 2{x ^ y) (^py)\ y y rykx+to-j 

\P{ x ,y)J f^ to 

fci\ / fc 2 \ /a(x ; y)\ (mi "" l2)l+m2J 3^5J 



ij\j-ij \/3( X ,y)J ><- a .3fay)p>fr+>»-i)fay) 



a"{x,y) 
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Now use the induction hypothesis to write 

-^ l^sn+mi \ X iV)^sn+m 2 \ X 'V) 



fc l+ fc 2 * ( 3 j + 2( 3 +l))( 3 + l) /fc 1 + k 2 + 1^ 

«=0 i=0 \ 3 / F s (x,y) 

k%+k 2 —i 



-(3 mi {x,y)z xF mi+s(i-3) i^v) F L 2 2+ s(i-j) (x,y)y S3< ^ 1) [w^]) 



y/x 2 + 4y/3 s (x, y) fe i+^+i ("+^+i»c+i> fk x 

i=0 V 



+ fc 2 + l 



?y" 



Fa(x,|/) 



/3 s (z,2/) 



fcl+fc2 + l— « 



+ 



{x,y). 



xF kl 



L L (- 1 ) 

»=0 J=0 V J / F s (x,y) 

k\+k 2 —i 



mi-\-s(i—j) 



(x,y)F^ 2+s{i _ j) {x,y)y SJl3 2 U (j^y) 



^x 2 + 4ya ;s (x, y) fe i+^+i (a,+2 (a +i))(,+i) /fc 1 + fc 2 + l\ si(i-i) / z ^ 1+ k 2 +i 

*=0 V * / F 3 (x,y) V 7 



Some further simplifications give us 

-^ (^sn+mi \ x iV) -T sn+m 2 \ x > V) J 



fc l+ fe 2 i ( 3J + 2( 3 +l))(j + l) /fc 1 + fc 2 + 1 

L L (- 1 ) 2 I 

i=0 j=0 \ J 



F»(a;,i/) 



ki+k 2 —i 



p mi (x, y) z < +lN (*. y) C 2+S( i-,) (*. y)y ^*-P st (x,y)z 



v/.t 2 + 4y fci^2+i (3 , + 2 (a +i))(,+i) /fci + fca + l^ 

i=0 V i ) 



Fs(x,y) 



fc i+ fe 2 i ( s3 +2( 3 + D)U + i) /fci + fc 2 + f N 

E E(-i) . 

1=0 J=0 \ J J F s (x,y) 



»=0 \ * / F.fx.i/'l 



fci+fc 2 +l— « 



k\+k 2 i 



E Ec- 1 ) 



(sj + 2(s + l))(j + l) /fc 1 + fc 2 -|- l 






F 



S4+mi (x, y) 



mi+s(i—j) 



( x ,y)F^ 2+s(l _ j) (x,y)y' 
\ 



fcl+fe2 + l (.i+2(.+l))(i+l) (k x + fco + 1 

L (-1) 2 I 

j=o V * 



y 2 a sl (x, y) z fel +' C2 + 1 * 



F s (x,y) 



r +mi {x,y) 



kl+k2 + l (ai+2(.+l))(i+l) fk X + fco + 1. 

E ( ^ 1} 

\ j=o V * 



y fM V- LI /3 si (x,y)z' £ i+ fc 2+ 1 -* 



2 



fci+fe2— i 



F 3 0,y) 
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By using (|13")) we can write 

Z (PsrltL (x, V) F^ +m2 (x, y)) (53) 

fe l+ fc 2 i (aj + 2(s + l))(j + l) /fc, -f_ !•„ -|- l\ , , 

E E (-i) 5 ' 2 F\ r Ax,y)F 2 + r Ax,y) 

i=0 j=0 \ J / F s (x,y) 

x (F 8i+mi (x,y)z + (-y) sl+mi F s{kl+k2 _ t+1) _ mi (x,y)\ !/ 4 ii z t i+ t 2-' 

— -y J _ : 



fa-g+2 ( _ i) ( . i+a( , +al) )( <+1 ) / fcl 4- fc 2 + 2\ ^^x, zfei+fe2+2 _. 



«=0 \ Z / F s (z,2/) 



Observe that (J53I) has the expected denominator (of ([52])). Let us work with the numerator. We have 



( 3 j+2( a +i))(j+i) /fc 1 4- fc 2 4- 1 



ED . limfm .,t« F^,,,.^)^,,,.^) ,54) 

x (V sl+mi (or, y) z + (-y) m+mi F s(kl+k2 _ i+1) _ mi (x, y)) ^,^+fa- 
V-> v^/ 1 ( 3J +2( a +D)(j+i) /fc 1 4- fc 2 4- i\ 

l= Q j=0 V J ' FJ,*,V) 

fel +^+i i (S(J _ 1)+2(S+1))3 / fcl 4-fc 2 + l\ 

+ Z Zv Z.^ 1 ) 7-1 j 

Since 

^ ( SJ +2( a +i)) (3 -+i) /fc 1 4-fe 2 4-i\ S j(i-D 

E (- 1 ) 7 F k m \ +s{ki+k2+1 _ j) (x 7 y)F^ +s{ki+k2+1 _ j) (x 7 y)y > = 0, 



we can write the right-hand side of (|54|) as 

fcl4 ^+i < w + 2( 3 +i)) (J+1 ) / fcl + fc 2 + 2 \ ^ 1 1 +«(i-j)^' y)i ^2+«(i-i)( a; '^ aa=a / 

z / / \ J- J I t — % y 2 z 

S> f^o \ 3 J Fs{x , y) F s{kl+k2+2 ){x,y) 

x (_F si+mi (x, y) F s(fcl+fe2+2 -i) (*,J/) - (-y) s(2 ^ )+mi F s(fcl+fc2 _ i+2) _ mi (x,y)F sj (x,y) (x,y)j 

Finally, by using (ITT1) we see that 

F si+mi {x,y)F s{kl+k2+2 _ j) (x,y) - (_ y ) s ( 4 -^+ mi F s(fel+fe2 _ i+2) _ mi (x,y)F aj (x,y) 
= F s{kl+k2+2) (x 1 y)F mi+s(i _ j) (x,y) , 

and then the right-hand side of (|54[) is our expected numerator, namely 



8=0 j=0 \ J / F B (x,y) 



This ends our induction argument. ■ 
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Theorem 7 Let mi, 777,2 G Z a?7(i ti,t2 G N' &e given. The sequence F tisn + rni (x, y) F t2Sn + m2 ( x ,y) ^ as Z 
transform given by: 

Z (F tisn+mi (x, y) F t2Sn+ni2 (x, y)) (55) 

*l+*2 * (si+2(s+l))(i+l) /7-, -U/t-I-IX sifi-11 

E E (-1) " ( j ^ 1+tlS (^)(a;, 2 /)^ m2+t2s( ^ ) ( a; , y ) y -V 1 ^^- 

_ i=0 3=0 \ J J F s (x.y) 

£ (-1) 2 yVzWWl-' 



i=0 V * / F s (x,i/) 

Proof. Wc will proceed by induction on the parameters t\ and/or £2- (As in the proof of theorem [BJ the 
symmetry of (|55[) with respect to ti and £2 allows us to use induction on any of these parameters.) The case 
t\ = ti = is trivial and in the case t\ = £2 = 1 the result is true by theorem |6] Suppose now the result is 
true for a given t\ £ N together with all £ G N, £ < £1, and let us prove that it is also true for t\ + 1. We will 
show that 

Z (• F (t 1 +l)sn+mi (#, 2/) F t2Sn + m2 (x, J/)) (56) 

ti-^2+1 < (.j+»(.+i))(j+d /ti + £ 2 + 2\ 

»=0 j=0 V j / F s (x,y) 

xfm 1+ (( 1+ i) s (,-,) (a;, y) F m2+t2S(i _j) (x,y) y^H— z *i+*2+i-» 



tl -g + 2 ( _ i) ( , i+a( , +al)1(i + 1) /£ 1+ £ 2 + 2\ y£ ^ z(i+t2+2 _/ 



i=0 V * / F s (x,y) 

By using (Till) with N = (t\ + 1) sn + mi, K = (t\ — 1) sn + mi and M — sn, we see that 

F(ti + l)sn+rrn (#, V) = -Ptisn+mi (#1 2/) L sn [X, y) — (— J/) -f(ti-l)sn+mi ( x > 2/) ) 

Then we have that 

2 (f( tl+ i) sn+mi (», y) F t2Sn + m2 (x, y)) (57) 

= Z (L sn (x, y) F tisn+mi (x, y) F t2Sn+ni2 {x, y)) - Z ((-y) sn F (tl _ 1)sn+mi (re, y) F t2Sn+m2 (x, y)) . 

Observe that induction hypothesis and (|28|) give us that 

-2 (L sn (x, y) F tisn+rrll (x, y) F t . 2Sn+m . 2 (x, y)) 

z *^ 2 X ( _i \ <£I±H£+l))0±ii/ / £i + £ 2 + 1\ 

" ; J=0 j=0 \ J J F B {x,y) 

,j(j-i) / \ *i+*2 — i 

xf m it«i S (.-)) (^,2/)-p 1 m 2 +t 2S (J-i) («. y)y^^~ \-^y)} 



y^ C_iV 2 Ki+1) f*i+*2 + -L\ "(' 2 -d / z yi+t 3 +i-i 

^ ^ ' I ^* / " \ a s (x,y) } 

*=0 \ I J F s (x,y) V '' 

+ 

z 'yff 2 X, cj+"c+i))0+i)/ti + £ 2 + 1\ 

,yJ i=0 j=0 V J J F 3 (x,y) 

xF mi+tls(i _j) (a;,t/)F m2+t2s(i _ j) (ar, y)y ili ^- 11 (j^)j 

£ (- 1 ) 2 , y 2 (f^jJ 

i=0 \ l J F s (x,y) K ' 
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or, after some simplifications 

Z (L sn (x, y) F tisn+mi (x, y) F t2Sn+m2 (x, y)) 

ti+t-2 i 



(58) 



i={) j=0 



(sj + 2(s + l))(j + l) ft 1 +t 2 + l 



J / F 3 (x,y) 

a sl (x,y) 



\ 



t!+t2 + l (.i + 2(. + l))(i+l) /tl + «2 + 1 

i=0 V * 



u sl {x,y)y 2 2* 1 +' 2+1 " 



F s (x,j/) 

+ 
/3 Si {x,y) 



ti+ta+l (si+2(s+i))(i+i) //;, +^ 2 + 1 



According to (|42)l we can write (|58|) as 



/3 si (x, 2 /) 2 / £i V 1 zti+*2+i- 



2/ 2 ^ 



ti+t2— i 



F B (x,y) 



-2 (i sn (X, J/) -Ftisn+mi (^i 2/) Ft 2 sn+m 2 \ x > V)) 

z 



tl+*2+2 (,i+2(.+l))( <+ l) ftt +t 2 +2 

£ (-i) 2 



8 = 



■y 2 2 ri "i" t2 



ti+t 2 +2-i 



*i(a:,V) 



xEEm) 

i=0 j=0 



X 



(sj+2( S +i))( J+ i) /f 1 4. t 2 + 1 

\ 3 / F 3 (x,y) 

(l s% (x,y)z- {-y) sl L s(tl+t2 _ l+1) (x,y)) j/^^^* 2 "' 
On the other hand, induction hypothesis together with (|M|) give us 

Z {(-yY n ■f(ti-l)« l +mi (»iy)-Ft2«ti+m2 (*)!/)) 



■*mi+tis(i— j) v^i 2// " rri2+t2s{i— j) \ x jV) 



(59) 



tl+fa-lt (, J + 2( s + l))( 3 + l)/f 1 + t 2 

73yF £ L(-l) ■ . 

*=0 i=0 \ J SF,(x,y) 

sj(j'-l) / \*1— 1+*2— * 

Xi^mi+Cti-lJ.Ci-j) 0, V) F m 2 +t 2S (i-j) {X,y)y^— \TZfjs 



h+ti ( S »+2( S +i))(,+i) Aj + t 2 

£ (- 1 ) I . 

i=0 V * 



Fs(x,y) 



»(i-D / z \ 

" 2 l(4rj 



t\+t 2 — i 



Z ((-y) sn F {tl _ 1)sn+mi (x, y) F t2Sn+m2 (x, y)) 



(60) 



'1-^2-1 i (»i+3(.+i))0+i) /tj + t 2 

*=0 j=0 \ 3 J FJx,y) 

3(3-1) 



xF mi+(il _ 1)s(i _ i) (a;,j/)F m2+t2s(i _ j) (a;,j/)(-j/) sl j/ 2 z *i 



ti— l+ta— » 



*l+*2 ( 3 i + 2( s + l))(i + l) ^ + t 2 

2^ (- 1 ) 



i=0 



(-y) si y £ % Jti Z*i+*2^ 



-F=(z,y) 
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We can use (|15|) to write (jBT))) as 

Z ({-y) sn F (tl _ 1)sn+mi (x, y) F t2Sn+m2 (x, y)) 



(61) 



*l+*2-l * 



E E(-i) 

i=0 j'=0 



( 3 j + 2(s + l))(, + l) ^f 1 -|- t 2 



J J F„(x,v) 



i r mi +(t I _i) 8 (i_j) (a;,2/)i 7, m2+ t 2S ( i _ : ,-) (x,y) 



x ( 2 - i s ( tl +t 2 +i) (a;, y) z + (-y) 



«(*l+t2 + l) 



(-y) SI y 2 2*i 



ti-l+ta-i 



*l+*4 + 2 , (si + 2( a + l))(i+l) /^i+fe + 2 

E (- 1 ) 2 I 

i=0 V l 



1/ 2 £ti+t2+2 — i 



F s (x,y) 



Thus, with (|55|) and (|6"T1) we can write ([571) as 
z { F (ti+i)sn+ mi (x, y) F t2Sn+m2 (x, y)) 



(62) 



*l+*2+2 („ + 2( 3 + l))(, + l) ^ +t 2 +2 

2^ l^ 1 ) 2 



( = 



2/ 2 ^ 



ti+t 2 +2-i 



-F0,?/) 



i=0 3=0 V J / F s (x,y) 

ti+t 2 —i 



[L si (x,y)z- (-y) sl L s(tl+t2 _ l+1) (x,y)J y" * * , 



ti+fa-i » 



V 



- E E (-1) " ■ ^m 1 +(t 1 -lMi-j)( ar >J/)- F m a +t2«(i-3-)( : « : 5 ») 

»=0 j=0 \ 3 J F„(x,y) 

x (z 2 - L s(ti+t2+1) (x, y) z + (_j,)'^+*»+D) (_ y )» y^F^^-i+fa-* 



/ 



We have now the expected denominator (of (|56j)). Let us work with the corresponding numerator (of (|62|)). 
z (A (x, y; z) — B (x, y; z)) say, where 



A(x,y;z) 



*l+*2 i 

EEC- 1 ) 

i=0 3=0 



(s, + 2(a + l))(j + l) /£, -f ^ + 1 



F, 



J / F a O, w ) 



mi+ti*(i-j) ( X 7 2/)-Pm 2 +t 2 s(i-j) V 2 -' 2/) 



x (L 8i (x,2/)2-(-2/) i s ( tl+t2 _i+i)(a;,y))2/ 2 z 



_tl+*2 — J 



and 



B(x,y;z) 



ti+t 2 -i i 

E EC- 1 ) 

»=o i=o 



( a , + 2( a + l))(j + l) A j 4. £ 



J / F s (:z,y) 



-Pmi+(ti-l)s(i-j) ( a; j2/)-Pm 2 +t2s(i-j) (X,y) 



x (-y) s V 



M-l+t 2 -i / ^2 



(V-L s(tl+t2+1) (x,y)z + H/) s(tl+t2+1) ) 



2>! 



X 

ti+ta+1 i 



We have that 

A(x,y;z) 

xF mi+tl8(H ) (x, y) F m2+t2s{l _ o) (x, y) L sl (x, y) y^H— z *i+*2+i-» 

x-Fmi+t^^-j) (x, 2/) F m2+ i 2S ( t - 3 ) (x, y) L s ( tl +t 2 -i+2) (», y) (-2/) s( * -1) y ' 2 ' 2*1+^+1-' 

tl -H2 + l » j + 2(s+ ^ 1))(j + 1) u + t 2 + 2\ Frnz+tisji-j) (x, V) F mi+ t lg (i-j) (x, y) sJU-D 

i=0 j=0 ^ J ' F&,V) F s(t 1 +t 2 +2)(x,y) 

(F a(tl+ta+2 _ i) (x, y) i S4 (as, y) + (-y) s(W) F sj (x, y) L s(tl+t2 _ i+2) (x, y)) z ^ +1+t ^ 

y, „ ( 3J + 2( 3 + l))( 3 + 1 ) /^+t2 + 2\ 

j=0 i=0 ^ J ' F 3 {x,y) 

s j(j — 1) 

X-Fma+taa^-j) (») 2/) Fmi+* 1S (i-i) (*, V) L 8 (i-j) (x,y)y 2 Z* 

In the last step we used (|12p with M = si, iV = s {t\ + t 2 + 2 — j) and X = —sj. 
Now let us work with B (x, y; z). We have 

B(x,y;z) 

xfm 1+ ( tl -i) s (H) (a^-Fmj+taoCt-j) (x, y) (-y) s * y"^ 2- z tl+1+l2 

t\-\-to i /. . \ 

_ y, Y-(_l) (a °- 1) + 2(3+1))j fh + h 

xF mi+{tl -i)s(t-j) (x, y) 4 !+t2S ( t -j) (x, y) £ s ( tl +t 2 +i) (^ S/) (-y) S(l_1) v'" ^ '' V 

V"^ V^, ( S (3-2)+2(e + l))( 3 -l) /t 1 +t 2 \ 

+ ^ <^ ( } l 7-2 J , , 

x (F mi+(tl - 1)s(l - 3) (x, y) F m2+t2s(l ^ {x, y)) y""^^ 1 (-y)^~ 2 ) { _ y y(t^ + i) ^+1+*.-* 

tl -H2+i » (s3+2(a + 1))(j+1) /t 1 +t 2 + 2\ F m2 +t 2S (i-j) (x,y)F mi+(tl -i) s ( i _ j ) (x,y) 

~"o f=t \ J ) F s (x, y ) F s(tl+t2+2) (x,y)F s{tl+t2+1) (x,y) 

. {-y) S ° F s{tl+t2+1 _ j) (x,y)F s(tl+t2+2 _ j) (x,y) 
x (-y) s(l_j) ( +F, (x, y) F. (tl+ta+a _ i) (x, y) L s(tl+t2+1) (x, y) \ y^~ j*+i+fa-i 
+ (-y) s ^+^+ 2 -^F 8i (x,y)F s0 ._ 1) (x,y) 
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Lemma [3] allows us to write 

X-Fmj+t aa (i-j) (x, y) F mi+ ( tl _ 1)a(i _j) (a:, J/) (-J/) 81 -' 3> y"^^ :J 
Thus, the numerator of 162|) is 

z(A(x,y;z) -B(a;,y;z)) 

= * U ^ +1 ^ ( _ 1} ^"y»" + " ^i + fa + 2\ 

t=0 j=0 v J / FJix,y) 



'xF m2 +t 2 s(t-j){x,y)F mi+tlS ( l - : j ) {x,y)L si . l _ j) (x,y)y ? z l 

tl+^ + li (. j + 2(. + l)) + l) A 

-* E Et- 1 ) 

;=n ;=n \ 



j=0 j=0 ^ ^ ' F B (x,y) 

xF m2+t2s(i _j) (a:,!/) F roi+(tl _i )a(i _,-) (a;, j/) (-2/) s(l ~ j) 2/ £2 W 1+1 +* 2 - 4 
4l +^+i i 1))(j+1) / <1+fa + 2 \ 

i=0 j=0 \ J / F s (x,y) 

x (F^+t^i-j) {x,y)L s{l _ j) (x,y) - (-j/) a(,-:,) F^+^i)^.,-) (cc,y)J y^ 21 ^ z tl+1+t2 ~\ (63) 
Finally, by using ([TT]) with TV = mi + t\S (i — j), M = 2s (i — j) and K = —s (i — j) we see that 
Fmt+ttafi-j) (x,y)L s{i _ j) (x,y) - (-y) 8 ^' 3 ' F r „ 1+(tl _ 1)s(l _ :/) (x,y) = F mi+(tl+1)s(l _ i) (x,y) , 



and then (|63|) becomes the numerator of (|56|) . as wanted. ■ 

By using the same sort of arguments of the proofs of theorems [6] and [7j one can prove the natural 
generalization of these theorems, namely 

z [ F t 1 1 sn+ mi (x, y) ■ ■ ■ Ft t l sn+mi (x, y)j (64) 

Mi+- +kit t i (»j+2(.+i))(j+i) /fci<i H h k[t[ + l\ 

i=0 j=0 \ J / F»(x,y) 

Zfeltl + -g fe!ti + 1 (_ 1) '" +2 ^ 1))( - +1) (*l'l + ' ' ' + ^ + A 2/ -fcH^ ltl+ ... +feltl+1 _, ' 

4 Some corollaries 

In this section we will obtain some consequences of (|M1) . 

Corollary 8 For p £ N' given, the Z transform of the sequence (") is 

V P' F s (x.y) 

\\PJ F s (x, v )J D StP+ i(x,y,z) 

(-iy +1 z 



( s i + 2(s+l))(i+l) / P +l\ 3 ,(,-l) 

Ei=o (- 1 ) I .• J y 2 z 

V « / F B {x,y) 



2 r ) 



Proof. We have 



z ..n 



(F P (x,y)\) 



PJ F s (x,y)J 

Z (Fs(n-p+l) (%, V) Fs(n-p+2) {%, y) ■ ■ ■ F sn (x, y)) 



P +1 (si + 2(» + l))(i + l) (r> -L- 1\ 

(^(^y)O s E(-i) 5 r ^ +1 - J 

i=0 \ l J F B (x,y) 



x^ZJ -1 ) 2 [ i J F s{1 _ p+i _ j) (x,y)F s (2- p+l ~ j )(x,y) ■ ■ ■ F s{l _ j} {x,y)z p \ (66) 

But the product F s (x_ p+ i_j> {x,y) F s ( 2 - p +i-j) (x,y) ■ ■ ■ F s u_j> (x,y) is different from zero if and only 
if i = p and j = 0. In such a case that product is (F p (x,y)\) and the numerator of (|66[) reduces to 
(-l) s+1 (F p {x,y)\) s z. Thus §E§ follows. ■ 

In the rest of this section we will be using extensively (|65p , most of times in its shifted version: according 
to (|23l) . H < Po < p, we have that 

z I ( n + M ^ = zP0 (-i)' +1 ^ (67) 



EH (- 1 ) 3 ( , ) y^^ 1 - 

By using that 



' y ^(x,J/) 



G sn+m (a;, y) = j/G m (x ; y) F sn _i (a;, y) + G m+ i (x, y) F sn (x, y) , 

together with a simple linearity argument, we can see that formula (|64l) is valid for bivariate Gibonacci 
polynomials G n (x,y) replacing the bivariate Fibonacci polynomials F n (x,y). That is, we have 

% [pst 1 n+m 1 ( x , y) ■ ■ ■ Gsiin+mi i x > V) J (68) 

tiki+^+tiki i (3j+2(.+i))(j+i) ftxki + ■ ■ ■ + tiki + 1\ 

* E E(-i) 2 

i=0 J=0 \ 3 J F s (x,y) 

xG l V , ,. -,(x,y)---G k ' .,. .,(x,y)y m r J1 z t ^+- +tlkl ~ l 

mi+sti(2—j) V ' &' mi+sti(i—j) V 'y/y 



^ (-1) 2 3/ ' 2 ^ tifci + ---+tifci + l-i 

i=0 V * J F 3 (x,y) 

Corollary 9 Let k\, . . . ,ki,ti, . ■ • ,ti G N' and mi,..., mi £ Z fc given. The product of bivariate s- 

Gibonacci polynomials G s \ n+m {x,y) ■ ■ ■ G s l t[n+m[ {x,y) can be written as a linear combination of bivariate 
s-Fibopolynomials according to 

GsiWmi ( X > V) - - - G %n+m, ( x , y) (69) 

t\ki~\ \-tiki i /, , , , ^\ 

/ n-+i y" V(-D (3J+2(S+ 2 1))(J+1) ^i fc i + ■ ■ ■ + tifa + A 

i=0 3=0 ^ J / F s (x,y) 

^fc, , \ ,~,k, , \ •JH=H (n + tiki + ■ ■ ■ + tiki — i\ 

xG* 1 , , ,. .^ (x,y)---G kl , .,. Ax,y)y = , , 

mi+«ti(*-j) V '^ mi+ s t,(j-j) V )J/;y ^ ^ fciH ht;fc; JfJxv) 

Proof. Formula (EH) follows from ([63 and (IHSI), ■ 
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In particular, (p§|) tells us that 



G k stn+m ( X ,y) = (-ri^(-i)-^-f fc + 1 ) (70) 

i=0 j=0 ^ J ' F,(x,y) 

k . , aj(j-i) (n + tk — i 

x( ^m+st(i-i) ( x ^y) y 



V TK / F,(x,y) 

The following corollary shows that when k = 1 and G = F or G — L, formula (|T0[) can be written in a 
simpler form. 

Corollary 10 Let t € N' 6e given. The following identities hold 
(a) 

F tsn+m (x,y) = (-y) m J2(~ i y +1 F^ix^i-y)"^ 1 ( n + t ~ i ) . (71) 

i=0 V/ F,(x,y) V r /F s (x )3 /) 

L tsn+m {x,y) = {-y) m Y j {-l) i ( £ ] L is _ m {x,y){-y)*^( n + t - % \ . (72) 

i=0 \y F s (x.,y) V * ' F.{x,y) 



Proof. These results are direct consequences of (|46j) . (|47| and (|70|) . ■ 

If we set t = 1 in (jTTj) and (|72]l we get (|11[) and (|T2|). respectively. When £ = 2 we obtain from (|7Tj) and 
(|72]1 the identities 

i^sn+m (z, y) = F m (x,y) I ) + (-y) m L s (x,y)F s _ m (x,y) ( ) (73) 

V ^ / F s (x,y) \ Z / F s (x,y) 



-•Fis-m 0, y) (-y) ' , ., 



i2 S n+ m (a;,y) = L m (a:,j/)( I - (~y) m L s (x,y) L s _ m (x,y) ( I (74) 

/ / F s (x,y) \ ^ / F s (x,y) 

\s-\-m I *^ 



and 



+£ 2s -m (x ( y) (-2/)" , , } 

^/ F 8 (x,j/) 

respectively. Observe also that if we set t = 1, k = 2 and G = F in (f70|) . we obtain 



\\ Z / F s (x,y) \ Z / F s (x,y)J 

which is (jHJ. Some other examples of fjTOf) . besides (|22|) and (|75[) . are the following (after some simplifications 
on the coefficients of the bivariatc s-Fibopolynomials of the right-hand sides, with the help of ((4]), ([5]) and/or 
@) 

Fj n (x,y) fn + 3\ 6s fn 

Fl(x,y) \ 4 ) F , X ^ V U 



*H 4 J (76) 



^ (( - 1 ,.« i , ( , s)+s .) cr) ♦^ft 1 ). 



F s (x,y) \ / F a (a;,j/) / 
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-2 , / n + 2 \ ,„, , „ , Sn / n + 1 



£.n(z,l/) = 4( -(3L 2s (x,y) + 2(-y) 1 ) (77) 

Z ' F s (x,y) \ Z / F s (x,y) 



+Li(x,y)(-y)\ 

' w F«(a;,I/) 

^»>-f" + 2> i +2(-»)'L. (a!l »)f n t 1> i + (-y) 3 Yf ) • 



*\s (^iJ/) V 3 J Fa (x,y) V ^ J F s (x,y) V^/ F s (x,y) 

F sn (x,y)F 2sn (x,y)F 3sn (x,y) _ fn + 5\ (-l) s+1 15s (^ (79) 



F s (x,y)F 2s {x 1 y)F Zs {x,y) \ 6 /^^^ ' ' V 6 /F s (x,y) 



r ,3s If •, W n + 4 \ „> / n + ' 



\ V D J F a (x,y) V D / F e (x,y) y 

+y 3s L 2s (x, y)(L 2s (x, y) - (-y) s )(L 2s (x, y) + 2 (-y) s ) 
_! /'n + 3\ i 3s /'n + 2 



( ' ^F s (x,3/) V D / F e (x,y) / 



L 2sn {x,y)F sn (x,y) 
F s (x,y) 



(80) 



= L 2s (x,y)( n + 2 ) -2y^L s (x,y)( n + 1 ) + (-y) 3s L 2s (x, y) (f 

V 6 / F,(x,y) V 6 J F s {x,y) \<V F s {x,y) 

L 2sn (x,y)L sn (x,y) = ^V^) +2(-y) s L 2s (x,y) (L 2s (x,y) + (-y) s ) ( n + X ) (81) 

V J / F s (x,y) V 6 / F s {x,y) 

- (L 3s (x, y) + (-y) s L s (*, y)) f 3 f " + 2 ) + {-yf s ( f 

\ V J / F s (x,y) X^/ F s (x,y) / 

F 2s{n+1) (x,y)F* {n+2 (x,y) J n + ^\ , ( n»+i r ( s e(n + Z\ 

- L s{x,y)\ . +(-1) L 4s (x,y)y . (82) 



F 2s (x,y)F?(x,y) " >"' \ 4 ) Fs{xy) ^ " "••""" V 4 ^^ 

-^2 S (x, y) y 4 



As In + 2 



4 ' F e (x,y) 



In the following corollary we consider sequences involving bivariate s-Gibopolynomials (™) 
Corollary 11 Let t\,...,ti <G N and r\ . . . ,ri,p\ . . . ,pi <G N' be given. Then the Z transform of the 



28 



sequence f") 1 ■••(")' is qiven by 

y w'G. H (x, V ) ^Pl'G sH (x,y) y y 



\\PlJ G stl (x,y) W G sH (x,y)J 

tiripi -\ \-trriPi i / , , H \ 

j=0 j=Q ^ ■* / F B (x,y) 

X ( i ' J Y 1 •••f i_J 'V y £2l F ii Z t i''iPi + -+*i^P'- 4 

V Pi J G„ H (x,y) V Pi ) G Bt .(x, V ) 

= z ; ! . 

( _ 1) (SW(J+/ » (W) /t iriPl + • • • + t inPl + 1\ ^^^...^^^^ 

i=0 V * J F,{x,y) 

Proof. First we write 

, , n N 
Z 



PIS G. tl (x,y) \P k S G stl (x,y) / 

1 



GQ X («, y) • • • GQ m (x, y) • • • G% t {x, y) ■ ■ ■ G r J tlPl (x, y) 

xZ (G r s l in (x, y) ■ ■ ■ GQ i(n _ pi+1) (x, y) ■ ■ ■ G r s ' Un (x, y) ■ ■ ■ G r J ti(n _ pi+1) (x, „)) 

and then we use (|68|) to get 

z- n 



PlS G, H (x, V ) \PV G. H (x,y)j 

1 



G? tl 0. v) ■ ■ ■ G r s l lPl (x, y)--- G r s l tl {x, y) ■ ■ ■ G r s ' tlPl (x, y) 

( 3 j+2( 3 +i))(,+i) (t\r\p\ + ■ ■ ■ + tiripi + 1 



ipi n»; "sti via/ stipi 

tiripi-\ Hiripi i 

Z 



i=0 j=0 \ J / F s (x,y) 

i r i („. *,\... n T 'i (~ ,A... nn 






- "' - ^tiripiH Hiripi-i 



i= ^ * ' F 3 (x,y) 

which implies the desired formula (|55|) . ■ 

i 
Corollary 12 Let t\,...,ti G N and J"i .. ., rj,pi . . .,pj € N' &e given. The sequence J\ (™) 

can 6e expressed as a linear combination of the bivariate s-Fibopolynomials ( t ir r lPl t...t t ' r r lP '~ l ) ,,• * = 



2!) 



0, 1, ... , tifipi + ■ ■ • + tiripi, according to 

f\( n \ = (-l) s+1 V V (-i) < aJ+2(s + 1 »"- | - 1 > fhripi + ■■■ + tmpi + 1 

. =1 \PiJ G. u (x,y) i=0 J= ^ J /F a (x,y) 

x A-A' 1 ..Y*-JV J/ M^)/n + t 1 r m + --- + *m W -A 

V Pi )g, h {x, V ) V H /(?.*,(*,») V *1»"1P1 + • • • + tinpj /f s (x ]3 ,) 



Proof. This comes directly from (|83[) and ([67 
Some examples of (IM|) are 



f n V - 


fn + 


WF s (x,2/) 


-{ 4 


n\ 


/n + 3 


3 / F.(x,i/) 


[ 6 . 



+ (- y r^(.x, y )r+ 1 ) +w n ) . ( 85 ) 

F 6 (x,j/) ^ / F s (x,y) W F,(x,j,) 



+ (-l)V s (?) (86) 

+y * (L 2s (*, y) + (-,)* ) 2 f (~l) s ( n + 2 ) + y* ( H+r 

\ V ° / F„(x,y) V ° / F s (x,y) / 

,, .... = (i 2s (.x,y) + (- y r)f n + 2 ) (87) 

- J F.{x,y) \ 6 / F s (x,y) V ° / F B {x,y) 

+y 2s (L 3s (x, y) + 2 (-y) s L s (x, y)) ( " + ^ + y 6s f ? 

\ ° / F s (x,y) \ / F»(x,-y) 

' F 2s (x,y) V ^ / F 3 (x,y) V "* /F 3 (x,y) V"*/ F a (x,y) 



n \ fn + 3\ , , „ NS+1 gs /n 



v ,. ; +(-irf (89) 

' i ^F 2a (x,y) V D / F,{x,y) \°J F s {x,y) 



+»-(v a -+^(*,v))((-ir 1 ( n ; 2 ) +*"■(" J 1 ) 

\ V ° / F„(x,y) V ° /F s (: 

2(-l) S /n + 3\ , 2(-l) s+1 (L 2s (a:, 2/ ) + (-y) s )/n + 2 



3 JlAx, v ) y 3s L 3s (x,y)y 3 / fsM y 3s L 2s (x,y) V 3 y F .( x , v) 

2(L 25 .(a;,y) + (- 2/ ) s )^n+r 

F s (x,y) \°/ F s (x,y) 



y 2s L s (x,y) V 3 7 F , v V3 



Z / L aa (x,v) V / F s (x,j/) \ D / F e (x,y) \ G /F s (x,y) 

\\ ° / F s (x,y) \ D / F 3 (x,s/), 

N 3s 



+ £d ( L '°- <* 9 > + 3 ^- (*■ »> + 4 <-»>•*) (" e 2 ) , 



F,(a;,w) 
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Note that from (1851) and (1551) we can see at once that 



ri\ fn\ , v . Fa* (x,y) (n + 1\ 

2 -( 2 = 2{ - y) fh^){ 4 ■ (92) 

Z / F s (x,|/) V /F 2a (x,2/) ^s[.^,y) \ 1 J F s (x,y) 



After some simplifications we can write (|92|) as 
L 2s (x, y) F sn (x, y) F s{n ^ 1} (x, y) - F 2 (x, y) L sn (x, y) L s(n _i) (x, y) = 2 (-y) s F s{n+1) (x, y) F s(n _ 2) (x, y) , 
(which resembles ([TTj) ). 
Corollary 13 (a) Let mi, . . . ,mi € Z and t\, . . . ,ti,k\ . . . ,ki € N' be given. For n > tifci + • • • + i/fc; + 1 

El /Ci -}-••• -v-tl fej "T"l /,T .1 w\ t 

V- , (.j+2(.+i»o+D /tifei + ■ ■ ■ + tih + 1\ .j»-i) TT-fa , . n .... 

L (- 1 ) ,' ^ 2 II G «t i (n-i)( a; »y) = - ( 93 ) 

j=0 V ■' ' F s (x,y) i=1 

f6j Lei ti, . . . , i; eN anrf ri . . . , ri,pi . . . ,pi € N' 6e given. For n > t\T\p\ + • • • + tkrkPk + 1 we /iave </iai 

tiriP1+ g tinP ' +1 ( -d —V— (W + - + fan* + A ^^(n-A" .0. (94) 

j=0 ^ J J F s (x,y) i=1 \ Pi ) G sti (x, V ) 

Proof. These results are consequences of (the numerators in) formulas (|68[) and (|55|) . ■ 

Corollary 14 Let p£N' 6e given. The following identities hold 
(a) 

( n T I) = p — V^ F ^+ 2 )» (*• ») * (-y) s(n_p) f n ) • ( 95 ) 

\P + 2 Jf 3 (x, V ) Fs(p+2)(x,y) * \Pj F s (x,y) 

(b) 

'n + 2 



( 96 ) 



1 



7 r^(p+4)„ (*, 2/) * (-2/) 8(n_1) ^( P+2 )„ (*, y) * 2/ 2s( - p) f n ) 

I x i2/J \P/ FJx- 



^ 8 (p+4) {x, y) F s(p+2 ) {x, y) ^ ' F \PJ f b ( x , v ) 

Proof, (a) First observe that 

p+2 

^, p+3 (x,y;z) = H(z-a sj (x,y)/3 8(p+2 - j) (x,y)) 
j=o 
P+i 
= II (z-(-yya sj (x,y)p sip - j) (x,y) 

3=-l 



(z - (-y) s a" 8 (*, y) /3 S(P+1) (or, y)) (z - (-y) s a s ^ (x, y) /T s (s, y)) 
(-y) s(p+1) (* 2 - ^(p+2) (*, y) z + (-y) s{p+2) ) D s . p+1 (x, y; (-y)- s z) . 
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Then 



Z 

\\P + 2 / F B {x,y), 

D s , p+3 (x,y;z) 

(-l) s+l z 2 

(-yY ip+1) {f L s{p+2) (x, y) z + (-y) s{p+2) ) D s , p+1 (x, y; (- y y s z) 

,_ y 1 F s{p+2) (x,y)z (-l) s+1 (-y)- s z 

V (-yf P+1) F sip+2) (x, y) z 2 - L s(p+2) (x, y) z + (-yf p+2) D s , p+1 (x, y; (-y)' 8 z) ' 

from where (according to (1311) and convolution theorem) 

L + o) = ( -~ y] ~ SP ~F, -nr7X F s(P+2)n{x,y)*{-y) sn [ n \ 

\P + Z J F s (x,y) f S (p+2)(X,y) \PJ F s (x,y) 

= -F, ] -F s{p+2)n {x,y)*{-y) s{n ~ p) ( ) 

Fs(p+2){X,y) ^ \PJ F s (x,y) 

as wanted. 

(b) Let us consider the polynomial D sp+ § (x, y; z) and observe that 

p+4 

D s , p+5 (x, y;z) = [J (z - a sj (x, y) /^+ 4 ^"> ( x , y)) 

3=0 

p+2 

= [] (z-y 2s a^{x,y)p s ^\x,y)) 
i=-2 

= (z - y 2s a- 2s (x, y) P s{p+2) (x, y)) (z - y 2s a s( * + V (x, y) /T 2s (x, y)) 
x(z- y 2s a- s (x, y) /3 s (p+1) (x, y)) [z - y 2s a s ^ (x, y) /T s (x, y)) 

x n y 2s (y~ 2Sz - * sj fo v) P s[p ' 0) fo v)) 

j=o 
= y 2 <^) (z 2 - L s{p+i) (x, y) z + (-yr (p+4) ) 

x [z 2 - (-y) s L s{p+2) (x, y) z + y 2s (~yf p+2) ) D s . p+1 (x, y; y~ 2s z) 

= y 2 ^+ 2 ) (z 2 - L s{p+4) (x, y) z + (-yf p+4) ) 

x (((-yV s z) 2 - L s{p+2) (x,y) ((-l/)"*z) + (-yf P+2) ^ D s , p+1 (x,y;y- 2 °z) 
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Then 

' fn + 2 



Z i i 

VVp + ^f. («,„), 

(-l) s+1 z 3 

£> s , P +5 (a;, y; z) 

l l F s( P +4) (x, y) z 

y 2s {p+ 2) Fs{p+4) {Xy y) z2 _ Ls{p+ ^ ^ y) z + ( _ y) ^(P+4) 

{-yf F s{p+2) (x,y)(-y)- s z y *° (-l) s+1 y -*» z 

X F s{p+2) (s, y) £ ( _ y) _ ^ - L ^ +2) (a , y) ( _ y) _ 8 z + { _ y)s(p+2) D s , +1 (*, y; „-**) ' 

from where (according to (|3ip and convolution theorem) 
/n+2\ 

VP + 4 / F.(«, V ) 

= ~~2w — ^^ ? c-F s (p+4)«(a:,2/)* ^ t r (-y) s ™ ^( P +2)n (*, y) * y 2sn [ ) 

y 2sp (-y) F s(p+4) {x,y) F s{p+2) (x,y) \PJ f s (x, v ) 

r S (p+A) \X, y) ^ s ( p+ 2) (.1, y) \PJ F,(x,y) 

as wanted. ■ 

Some examples of ([95]) and (|96|) are 

" 3 ,.<„„ = F 38 (x,yU(x,») § ( - y)S(t_1) F -^ (X ' y) ^ ( *< y) 

4 y„ (X|I/) ^(a:,y)F 2s (x,y)^^ 

jri-r E (-J/) s(t " 3) ^-*) (*, y) (J) • (99) 

-^5s iz,yj . n \oj FJx, v ) 



(97) 



' ! I F,(x,y) I '5syx,y) t=Q \°J F a (x,y) 

n + 2\ 1 



,(x, v ) F 5s (x iy )F 3s (x,y)F s (x,y) 

71 l 

X EE (~1/) FssCn-i) («, y) F 3s(i - j} (x, y) F sj (x, y) . 

i=0 3=0 



(100) 



n + 2 



9 /F a (*,3,) F 9s (x,y)F 7s (x,y) 



(101) 



><EE (-y)' (2n "*~ ,_11) F 9sj (as, y) ^(t^-) (ar, y) ( 

{=0.7=0 V /F 3 (x,8/) 

In the following corollary we denote as *^ =0 (an)-, the convolution (a„) * (a n )i * ■ ■ ■ * (a n ) fc (of k +1 
^iven sequences). 
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Corollary 15 Let p G N be given. The following identities hold 
(a) 

nsjO-1) 



F,(x,y) 

(b) 



( n i p L„, = ^ spn « ct^--- M ■ (io2) 

( o n 1 = ^=""f: -7— T^(2 P -i-2j)„(a;,y)- (103) 

V ^P-J- J FJx,y) fs(2p-l-2]) (X, y) 



■\sj(n-l) 

Proof, (a) According to (|65|l and (p4|) we have that 

\ _ 7P+ 1 

4 x , v) 



2w/ / p _1 

" ''' '" (2 - (-2/D I] (* 2 - (-V) S3 L Mp-j) (*>!/) * + 2/ 2ps 



or (by using (JB7J)) 

n + p\ \ z 



Z I ( 9« _ , . _ r _ r_,^ 8 P II 



2 p / f.(»,»)/ z - (-1/) / = o z 2 - (-y) SJ £ 2s (p-j) («, i0 ^ + y 2ps 



n 



* - ("») /i (-2/) J (-y)" aaJ ^ 2 - (-^P J ^(p-i) (x, v) * + y 2fl <*->> 
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Then we have 

- s 3 f_».\ s i n 



fn + p\ spn p-i (-y) {-y) „ , , 



n(x,i/) 

\spn p—1 \ i) ) 



^ ^F 2s{p ^( X ,y) F ^-^ y) - 



as wanted. 

(b) According to (p5|) and ([33]) we have that 



*~*Z ' ' " 



2p-lJ w , , p-i . 

p-1 

i=o 7 - 2 - (-y) SJ L s(2 p-i-2j) (x, y)z + {-y) {2p 1)s 

p—X z 

-sj (-vY 3 



= n (-V) - 

(pfpr) - L s{2p ^ m (x, y) I ^yj + {-yfr- 1 - 2 ^ 
from where (|103l) follows. ■ 
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Observe that the case p — of (|95l) and (j9"6")l corresponds to the cases p = 1 and p = 2 of (|102l) . 
respectively. Also, the case p = 1 of (p?5j) and (|M)l corresponds to the cases p = 2 and p = 3 of (|103|) . 
respectively. Two additional examples of (|102p and (|103[) are 

n + 3 ^ 1 (104) 



6 J F s (x, v ) F 6s (x,y)F is (x,y)F2 S (x,y) 

n i j 

x E E E (- 2/ ) s(j+t+3n - 3l - 3) F 6s(i _ j} (x, y) Ftofj-t) (x, y) F 2st (x, y) . 

i=0 j=0 t=0 

?i + 3\ 1 

7 J F s (x, y ) F 7s (x,y)F 5s (x,y)F 3s (x,y)F s {x,y) 

n i j 

x E E E (~y) * 6) F 7s(n- 4 ) 0, y) F 5s(l ^ 3) {x, y) F 3s{j _ t) (x, y) F st (x, y) . 

i=0 j=Q t=0 

In the last corollary of this section we will see that some bivariate s-Fibopolynomials can be decomposed 
as linear combinations of certain bivariate s-Fibonacci polynomials. This is shown by having an adequate 
partial fractions decompositions of the Z transform of the corresponding bivariate s-Fibopolynomials. This 
decomposition is presented in lemma fT6l 

We introduce the notation (for given peN and j = 0, 1, . . . ,p — 1) 

p-i 

F2s( P -j) (x, y) = n ((~y) SJ l mp-j) ( x > y) - (~y) sl l mp-*) (x, y)j . (106) 

p-1 

R-s(2p-l-2j) (X, y) = Yl (("^ L s(2p-l-2 3 ) (X, y) - (-y) Sl £ s (2p-l-2i) (x, V) J ■ (107) 

Lemma 16 Let k € N be given. For p > k, we have the following partial fractions decompositions 
(a) 



z p-k 



p-1 

II [z* - {-y) sl L Mp _ j} {x, y) z + y^ 

3=0 



(108) 



p-i 

E 



{ _ y)S]( k-2)-2sp(k-i) _F 2s{p _ m _ x) (X; y) z + ( _ tf) »i F 2s{p _ f)k (x, y) 



j= V Mp-3) (x, y) F 2 s(P-J) (*> y) z 2 - {-yf J L 2s {p- 3 ) (x, y)z + y 2 P s 



(b) 



z p-k 



p-i 



(109) 



II ( z2 - (~y) SJ L s(2p-i-2 3) (x, y) z + (~yf p - 1)s ) 

3=0 

P-1 { _ y) sK k -2)-s(2 P -l) {k -l) -F^ E _ 1 _^ t _ n ( X , y) Z + (- V r F3(2p-l-2 j)fc (X, V) 

j^ Tl^p-i-ii) (x, y) F s(2p -i- 2j ) (x, y) z 2 _ (_„)•* L.^^ (x, y) z + (~y) s(2p - 1] 
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Proof. Let us prove (|108|) . For each j = 0, 1, . . . ,p — 1 we have 
„p-fc 



11 [z 2 - {-vY 3 L 2s ( p - ]) (x, y)z + 



(110) 



y2pS 



3=0 



z p-k 



p-1 



(z - (-y) SJ aMp-3) ( X , y)) [z - {-y)'i f?^-D ( X) j,)) [] (*2 _ (_ tf )« J^,) {Xi y) z + y 2ps^ 



i=0 



Thus the partial fractions decomposition of (|110|) is 

z p-fe 

II ( z2 - (-v)* 3 l mp-j) (*. y) z + y 2ps 

p-1 J 

~~ .z^ p-1 



p 

J=0 



n ((-y) 2sj o*-Cp-i) (», y) - (-y) si L 2s(p _ (x, y) (-y) sj a^P-i) ( X) y ) + y ^ 

i=0.ijtj 

((-V)' j **<*-» (x,y)) P ~ k 1 

X {-y) sj aP'te-fi (x, y) - {-y) sj p 2s ^-^ (x, y) z - {-y) sj oP'to-fi (a, J/) 
^ 1 

'' " II ((-v) 28Jf 3 is{p ' j H^y)-(-yfL 2s{p - i) (x,y)(-y) sj ^- j Hx,y)+y^ s ) 



i=0.i^j 



((-y) sj P Mp - j) (x,y)) P ~ 



(-y) sj P Mp - j) (x, y) - (-y) sj <x"<r-fi (x, y) z - (- y ) sj P 2s(p - j) (x, y) ' 
Observe that 

]I ((-y) 2sj ****-* (x, y) - (~y) sl L 2s(p _ i} (x, y) {-yT o? 8{p ~ j) (x, y) + y 2ps ) 

= ((-yf a 2s ^Hx,y)Y~ l 

p-i 

II {(~y) 8j (« 2S(P_J) (x,y) + y^-» a - 2s ^ (x,y)) - {-yf L 2s(p _ t) (x,y)) 



i=0 



i P-1 
p—1 ^ 



= ((-y) sj « 2s(p ~ j) (x, y)) ~ n ((-yy j { aMp ~ j) (*> y) + P 2s(p ~ j) (*> y)) (-^ Sl L ^-^ ^ v)) 

i=Q 

= ((-y) sj « 2s(p ^ } (x, y))^ 1 V 2s{p - j} (x, y) 



:-!(. 



Similarly one sees that 

-l 



II (i-y) 2sj ^ s{p ' i] (*> y) - i-vf L M P -i) (*, v) (-y) sj P Mp ~ j) (*. i/) + 2/ 

Z=0,ijij 



Thus we have 

_p-fc 



p-i 

II ( z2 - (-»)"' L 2.s (p -,) (s, y) 2 + y 2 ? s ) 



(111) 



i-fc 



U (-yf (aP><P-fi (x,y) - ^-^ (x,y)) V 2s(p _ 3l (x,y) z - (-y) 8 ' « 2s(p " j) (x,y) 

p_i ((-yf P Mp ~ j) (x,yj) 

h i-vT 3 (o?°(p-i) ( X ,y) - ftP-i) (a;,y)) V 2s{p - j) (x,y) z (-y) sj ?"<»-» (x,y) 
P y> {-y)- 8jk ( a?>to-M 1 - k '> (x,y) ^{p-^x-k) ^ y) 



^ y/x T +^P 2a{p - j) (x, y) Fs^) (*, y) ^ - (-y)' j « 2s(p " j) (x, 2/) * - (-tf)" fl 2 *^ (a:, |/) / ' 

Some further simplihcations of the expression in parenthesis of the right-hand side of (jllip give us 

a 2a (P-j)( 1 - fc )(a:,y) ^(p-jXi-fc) ^ 

z - {-y) sj aMP-J) ( x ,y) ~ z- {-y) sj /3 2s ^"^ (x,y) 

2 2 - L 2s( P -j) 0, 2/) (-y) SJ * + y 2ps 

/ 2 4 ^(p-j)(i-fc)(^,2/)g- (-2/) 2s(P ~ j)+;i3 F-2 ;i (p-3)fc(^,2/) 
z 2 - L 2s (p-j) (x, y) (-y) SJ z + y 2ps 
(- (-^-.Xi-*)) F Mp _ j)(k _ x) (x, y) z + {-yf <*-*+'* { - y )-MP-J)k p Mp _. )k {Xj y) 



\Jx 2 + 4y 



z 2 - L 2e (p-3) (x, y) (~y) S3 z + y 2 P s 



\/ x 2 +4y (-y) Mp - j)il - k) ~- F2 «(p-J)( fc - 1 ) (a: ' 1!h± ( ~ y) F *»b-i)k ( g » g) 

z 2 - L 2s( P -j) {x, y) {-yf J z + y 2 P s 



37 



Then (|111[) becomes 



z p-k 



p-i 

\[ (z 2 - (-y) aj L Mp _ 5) fa y) z + y^ 

3=0 

p— 1 , \-sjk 



E ( " ri 



-^ ^/a; 2 + 42/P 2s ( P -i) (#, 2/) ^(p-j) (z,2/) 



x^/ x 2 + iy {-y) Mp - j)(1 - k) '^(p-JXfc- 1 ) t x ' g) z + (~y) S \ F 2s( P ^)k fa y) 

z 2 - L 2s( P -j) fa y) fay) 33 z + y 2 P s 

as wanted. The proof of (I109[) is similar and left to the reader. ■ 
Corollary 17 Let fc € N &e given. For p > k we have 

n+p + l-k\ spn ^ {-y) S3{n ' k) F 2s { p -j)( n +i-k) fay) 



n + p-k\ = y^ (- y ) sj( "~ fc) f 1 s(2 p-i-2j)(»+i-fc) fay) (n3) 

2 P- 1 )f4 X:V ) j^ ^s(2 P -i-2j)fay)Fs(2 P -i-2j)fay) ' 



Proof. From (|65|) and (J40]) we see that 

A \ zP+ 2 - k 



(z (-y) sp ) n (^ - fay) 3j L Mv-i) fa y) z + v 2 



,2ps 

z 2 zP- fe 

z-(-y) sp P-\ 

JJ (z 2 - (-y) SJ La.fc..,.) (x, y) z + y 2 ^ 

3=0 



and then, by using (|108|) we obtain 



z p+i-fcj7 ' / " 



- ' \2 P 



2 _ P y { _ y yJ(k-2)-2sp(k-i) -F 2s{p _ mk _ 1} fa y) z + fayf 3 F 2a{p _ j)k fa y) 



z - (-y) sp j^ V^ip-i) fa y) ^(p-j) fa y) z 2 - L 2s(p _ j} fa y) fayf 3 z + y 2 P s 

fay) 



- ' <• \ —sjk 



z - {-y) sp f^ Pzsip-j) fa y) F 2s{ P ~ 3 ) fa y) 

pfp \F 2 s{ P -j){i-k) fay) jz^yJ + (-yf'te-jHi-i') F 2s(p _ j) _ 2s(p _ j)(1 _ fc) (x,y)j 

( F f F r) 2 -^(p- J )( r f F ,)+^^ 
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Thus, according to (|67l) . convolution theorem (f^5|) and (|3"Tj) we have that 

'n + p + 1 - k\ = spn ^ yl (- y )^("- fc ) F 23 ( p _j) (7I+ i- fc ) (a,;/) 

2 P /f.(*,v) ^ *& T y 2 3 (p-j)(x,y)F 2s(p _ :j) (x,y) 



which proves (11121) . Similarly, by using (|65|) . (|41[) and (J109I) we have that 



n 
2p- 1 



Fs(x,y), 



2 



p+l—k 



p-1 



n (* 2 - (-y) SJ ^(2 P -i- 2i ) (*, y) 2 + (-y) s(2p " i; 



J=0 



^ ( _ y)S j(fe-2)- s (2 P -i)(fc-i) Z (-F s (2 P -i-2 J )(^i) (a, j/) z + (-y) sj F s(2p ^_ 2j)k {x, y)) 



E 



- 7e s(2p _ 1 _ 2j) (s, i/) F s(2p _ 1 _ 2j) (a, y) z 2 _ (_ y yi i s(2p _ x _ 2i) (z, y ) z + (-y) 8 ^ 1} 



p-i 

E 



i-y) 



-sjk 



^ fte(2p-l-2j) (x,y)F 8 (2p-l-2j) fay) 



(-vV 



■ [F s (2 V -i-2 3 )(i-k){x,y) j^yj + {-y) s{ "" 1 2j)(1 k) F s ( 2 p-i-2j)-s(2p-i-2j)(i-k) (x,y)J 



(pfr ) " L «(2 P -i- 2i ) (jzjyr) + (-v) 



S (2p-l-2j) 



from where (by using (j6"7| and (|31|l) we obtain (|113|) . ■ 

The case p = 1 of (|112|> is the same that the case p = of |95|) and the case p = 1 of (|102[) . namely 



n + 1 

2 



F B {x,y) 



1 ™ 



^ (x, y) f- 



(114) 



t=o 



(The case p = 1 of (|113|) is a trivial identity.) Some more examples from (J112I) and (II 13[) are the following: 
If p = 2, we have for k = 1, 2 the following identities: 



n + 3 — fc 
4 



1 



f.^.j,) L is {x,y)-{-y) L 2s (x,y) 

V^ /_ \2«(n-i) ^4s(t+l-fc) (x,y) 



(115) 



t=o 



-(-2/) 



,(t-fe) F 2s ( t +i-k) (x,y) 



2-k 



1 



^4 S (a:,y) ''" F 2s (x,y) 

F 3s ( n +i-k) {x, y) {-y) s{n ' k) i^cn+i-k) (», y) 



,(x,y) L 3s{x,y)- {-y) L s (x,y) y F 3s (x,y) 



F s {x,y) 



(See also (|55|) and (P7|l .) 

If p = 3, we have for ft = 1,2,3 the identities: 



(116) 



/ 



n + 4 - k 
6 



= £(-») 

F s (x,y) t=Q 



3s(n-t) 



)(x,v) 



(L 63 (a:,a)-(-J/) s i4a(2;,y))(i6s(a:,iy)-(-a) 2s i2 s (2;,y))-F' 6s (2;,y) 
(-l/)'< f -^F 4 . (f+1 _ fc) (x,y) 



((-y) s i4s(a:,a)-£6 a (2:,J/))((-a) s i4 3 (2:,t/)-(-a) 2s i2 s (a;,i/))F4 s (a;,i/) 

, (-2/) 2 ° (t -" ) f 2s(f+1 _ fc) ( a :,i/) ^__ 

V {(-y) 2s L2s(x,y)-L 6s (x,y))((-y) 2 >>L 2s (x,y)-(-yyL is (x,y))F 2s (x,y) J 



(117) 



:-!<) 



n + 3-k\ = F 5s{n+1 _ k) (x,y) 

5 ' F s (x, y ) (L 5s (x, y) - {-y) s L 3s (x, y)) yL 5s (x, y) - (-y) 2s L s (x, y)j F 5s (x, y) 



+ 



{-y) s(n k) F 3s{n+1 _ k) (x,y) 



+ 



{(-yY L 3s (x, y) - L 5s (x, y)) ((-y) s L 3s (x, y) - {-yf s L s (x, y)J F 3s (x, y) 

{-yf s{n ' k) F s{n+1 _ k) (x, y) 

((-y) 2s L s (x, y) - L 5s (x, y)J ((~y) 2s L s (x, y) - {-yf L 3s (x, y)j F s (x, y) 

(See also (fTUO)) .) 

5 Derivatives of bivariate s-Fibopolynomials 

The partial derivatives of bivariate Lucas polynomials L n (x, y) are given by the well-known formulas 

d d 

—L n (x,y)=nF n (x,y) and —L n (x,y) = nF n ^ 1 (x,y). (119) 

ox ay 



We will use some of the results obtained in sections [5] and |H together with (I119J) . in order to obtain 
nulas for the partial derivatives of bivariate s-Fibopolynomials (™) 

P F s {x,y) 

We begin by noting that, according to (|65|) we have that 



\ \ Z P;F s (x,y)J = V l /f.(x,y) , 120) 



N V 2 P/ F.{x,y)J V % ' F °(*<y) 

By using (J40j) we get from (|120l) that 

z (* (£) ,. ( , J * S ( z2 - { - yr l2s(p - j) (x ' y) z + y2ps ) 



z ..n 



p-i 



n ( z2 - (-V) SJ l 2s{p-j) (*, y) z + y^s) 



2 PJfJx.v)) 3=° 

J2[-(-y) S ^ L 2s(p-k)(x,y)z) J] {^-{-VY L 2s{p ^ ) (x,y)z + y 2 P s ) 

c=0 V ' 7=0, V ' 



FAx,y), 



k=0 x ' j= 



p-i 

V 

3 



h (^ 2 - (~y) sj i 2s(p - j) (a;, y) z + y 2 ^) 

f=0 v ' 



y^ {~y) sk 2s(p- k)F 2sip _ k) (x,y)z 
k= o z2 ~ {~y) Sk L 2s { P -k) (x, y)z + y 2 P s ' 
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from where 



* £ L ^ z L . E 



p— 1 / \sk . 



d ( n\ \ ^ ( ( ' n\ \y^ (~y) 2s(p-k)F 2s{p _ k) (x 1 y)z 



dx \ 2 P/ F 3 {x,y)J \\ 2 pJ FAx,y)J k=0 z 2 - (-y) s L 2s(p ^ k) (x,y) z + y 2 P° 

z (fn\ \*^ 2s(p-k)F 2s{ ^ k) (x,y) J -l vw 



z ..n 



v &, F, 

and finally, the convolution theorem gives us 



F > (x > v) ' k ^ ((^fr) 2 - L 2s(p _ k) (x,y) — ^ + y2 P s-2sk^ 

\ p-1 

)^2 2s (p- k ) z [(-y) skn F 2s ( P -k)n (x, y)J , 



OX\Z P J Fs(xy) VPJ F 3 (x,y) k=Q 



(121) 



Similarly, from ([65]) and (J4TJ) we have that 



(apli) ^ ) -|ff(^-(-i/r j i S (2p-i- 23 )(^) 2 + N) (2p - 1,s ) 



Fs(x, V )J ~_ 1= 

p-1 

It I I \ I 

z 



( " ) ) n f^ 2 - i-v) SJ L.&P-X-*) (x, y) z + (-yf p ~ 1)s ) 

\ 2 P- 1 Jf s (x,v)J ^=° V ' 

(-y) S s(2p-l- 2k) F s (2 P -i-2k) (x, y) z 



E 



k =o z 2 - (-vY L s (2 P -i-2k) (x, y)z + (-y) { 
Then 
z (d_(n\ \ =z (f n \ Vy (-yy k s(2p-l-2k)F s{2p _ 1 _ 2k) (x,y)z 



dx\2p~l) Fs(xy) ) ~ \\ 2 P-lJF^y ) )t z 2 -{-y) sk L s{2p ^ 2k) {x 1 y)z^{-yf p ' 1)s ' 
and from the convolution theorem we get 



o I n \ in 



) =s( " ) *^(2p-l-2fc)(- 2/ ) sfc "F s(2p _ 1 _ 2fc) „(x, 2 /). (122) 

/ FJx.v) \ Z P V F.(x.v) fc-n 



OX \2 P - I J FAxy) y*y - V Fe{xy) — Q 

Formulas (|121j) and (|122j) for the derivatives with respect to as of the bivariate s-Fibopolynomials 

Fs (x,y) aild (ip-l) F s ( x ,y) C&n ^ WrittCn t0 S ether aS 

o I n\ In 



dx \P/F,< -.,/> wv ,. ,.,.„, ,_.,, 

Some examples are 



s( ) * E (p- 2fc )(-y) Sfc "^(p-2fc)™(^,2/)- 

VVF.fa:.i/1 t_n 



° X \ 1 Jf.{x,v) t=Q 



Z / F a (x,y) 



TT it) = s E ( 3Fa - & ^ + ^ F ** ^ *)) f " /) ' ( 124 ) 

aX \ 6 /F a (x,y) t =0 K 7 V J /F,(x,v) 
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i (4) = 2s E ( 2F ^ (*> v) + (-y) st F ^ (*. v)) ( n 4 *) • ( 125 ) 



^ V 4 / F„(x,2/) t=0 x ' \ "* / F s (x,y) 

Let us consider now derivatives with respect to y of bivariate s-Fibopolynomials. From (|65|) and (|40|l we 
have that 



z\^ n 



dy ^Pj Fs(x 



(».»)/ 



2::; 
\2p. 



(126) 



_9_ 






(z (-y) sp ) U (z 2 - i-vf *<M*-i) (x,y) z + y 2ps ) 

■z — 

(z - (~y) sp ) n (z 2 - (-y) sj L Mp -j) (x, y) z + y*» 

' z-{-y) sp 

E 



— (~y) S 2s(p-fc)F 2s(p _ ji .)_ 1 (a:,y)z 2 -sfc(-j/) s 1 L 2s{p „ k ) (x, y) z 2 - 2psy 2ps x z 
;,-,, ^ 2 ~(-y) S L2 s{ p- k )(x,y)z + y 2 



_ Z 2 — ( — ll) Tjn r .l„. u\ (x. 11) Z 4- 1I 2 P S 

Observe that 

\sk rt / 1 \ T^ / \ 2 11 \sk— 1 



(~y) S 2s(p-fc)F2 S (p-fc)-i(^,y)^ 2 -sfc(-j/) S L 2s ( p - k ) (x,y)z 2 - 2psy 2ps 1 z 

z 2 - (-y) s ' L 2s( P -k) {x, y)z + y 2ps 



sfc L 2s ( p -k) (x, y) ~ 2yF 2s { p -k)-i (x, y) F 2 S ( P -k) (x, y) { _ z y)Sk 



V F 2s{p _ k ){x,y) 

L2s{ P -k) (x, y) - 2yF 2s ( p _ fc )_ 1 (x, y) 



^to-*™) (p^r) -L 2s{ ^ k) ( X ,y) T -^ w +y 2 ^- 2 ^ 

With ([7]) we can see that 



F 2s ( J) -k) (x, y) 
Then, according to (f5Tj) we can write (|126[) as 



z\ 4-' n 

* dy 



z : 

Z 



(n\ \ z-(-yr + ^ Q \ K + ^z((-yy k ^F 2s{p _ k){n+1) (x,y) 



F s (x,y) 

from where we get finally that 



U n t l ) r , M 

/ x /p-1 / 2F 2s (p_ fe)(n+ i)_i(x,2/) \ . S p(n+1)- 

s p(Z)_ .*(E(-w) (w+) ; ' ' 



2 P/ F s (x,y) \ k=0 \ ^F 2s( k )(n+l)(x,y) 
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Similarly, from (1551) and (|4"Tj) we have that 



" *U-i 



Fs{x,y). 



2 P 1 / F„(x,y) 
p-1 



' <>y 



n (z 2 - (-»)" L s(2p -x- 2i) (*, „) z + (-y) (2p - 1)s ) 

i=0 v 7 



P-1 / 

1] ( z 2 - (-y) SJ I s (2 P -i-2j) 0, y) z + (-j/) 

j=0 v 



(2p-l)s 



p-1 

E- 

fe=0 



s(2p-l) 



(-y) sk s (2p - 1 - 2ft) F a (2 P -i-2fe)-i (», y)z- sk (-y) sk 1 i s ( 2p -i-2i) ( x ' 2/) z 



+ (2p-i) s (-y) s{2p ~ 1) - 1 



\ s k 



(-y) L s(2 P -i-2k)(x,y)z+(-y) 



(2p-l)s 



(-v) 



sk 



p-i 

E 

fc=0 



■( 



fc I r 8 (2 P -l-2l)-l 



(-^) 7 r^+(^) a<2p - 1 - 2fc) - 1 ) \ 



+ ^z 



^<,(2j-l-2j)(^.i/)-2^f 3( 2p-l-2fc)-l(g|i<) 



,2 -i»(2 P - 1 -2 fc )(^^) 7 -^F+(-y) <2l - 1 - 2fe)s ( " y)Sfc 



from where we obtain that 
_d_ / n + 1 

9j/ V2]9 - 1/ FB{xy) 

/ „ \ P- 1 ( Fs(2p-l-2k)(n+l)-l(x,y) 

= »(2p-i)L J *EH/) sfc(n+1) + 

v p ^ *-.(«.») fc=0 V i2ir%^(2p-i-2 fe )(„ + i)(^,y) 

Formulas (|127l) and (I128[) can be written together as 



(128) 



d_ fn + 1\ 

%V P /F s (x,j/) 



'L^J-i 



F 



= -/'i i *i E (-») 

<PJ F.{x,v) \ k =0 



sfe(n+l) 



s(p-2fc)(n+l)-l 



(a:,J/) 



l + (-l)' 



^fF s(p _ 2fc )(„ + i) (x,y) 



(-y) 1 



: («+i)-i 



Some examples are 






n-t 



F s (x,y) 



d_ fn + l x 

9 A 3 /Fa(:Cjl/) 

3s E (- F 3 S (t+i)-i(^,y) + (-2/) s(t+1) f F s ( t+ i)_i(x,2/) + — F s(t+1) (a;, j/) 



(129) 



F s (x,v) 



43 



fl- I 130 

" / / \ ("_ \2s(t+l)-l" 

4s X] ( *4.(t+i)-i (*, 2/) + (-y) S(t+1) f ^.(t+D-i {x, V) + -^F Mt+1) (x, y)* ' " ! 
n — t 



xl 

4 / F a (x,y) 

Summarizing, we have proved the following result. 
Proposition 18 The partial derivatives of the bivariate s-Fibopolynomial ( n ) s can be written as 

V P' F s (x,y) 



d^\pJ Fs (,,v) \PJF s ( X ,y) t^O 



°y\ P J F s (x,y) 



■n\ 
sp[ I * 

\P/ F s {x,y) 



/ L(P+1)/2J-1 . . \ 

E (-2/) S ^ s ( P -2fe)(n+i)-i (a;, y) + *f F s(p _ 2 fe)(n+i) (ar, y)J 



V -^^(-y) 4 ^- 1 / 



Remark 19 T7ie case p = 1 of M31\) and H3'2\) gives us explicit formulas for the partial derivatives of 
bivariate s-Fibonacci polynomials, namely 

-?-F sn (x, y) = m fy X '™ F m (x, y) + sF sn (x, y) * F sn (x, y) , (133) 

ox b s {x,y) 

and 

d -§-F s (x,y) 

— F 8 („ +1 ) (x, y) = p , — r-F s{n+1) (x, y) + sF sn (x, y) * F s(n+1) _ 1 (x, y) , (134) 

respectively. The case s — 1 of \133\) and \13$ gives us 



—F n (x, y) = -Q- F n+i (x, y) = F n (x, y) * F n (x, y) . (135) 



or. 



according to Jff7| ) ; 



d d 1 

— F n (x, y) = g-Fn+i (x, y) = 2 (nL n (x, y) - xF n (x, y)) . (136) 
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